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Abstract
For hadron colliders, such as the Large Hadron Collider at CERN, emittance preservation
is of prime importance to achieve a high luminosity. Since there are no signiﬁcant eﬀects
(apart from active cooling) that decrease the emittance of a hadron beam, the smallest
possible emittance is set by the source, and has to be preserved along the entire injector
chain.
One possible source of emittance increase is due to optical mismatch at beam transfer
between two machines in this chain. To verify the matching on-line requires a non-invasive
instrument capable of measuring the optical parameters of the injected beam. Such instru-
ments are very rare.
A quadrupole pick-up is a non-invasive instrument sensitive to beam size. It is basically
a beam position monitor, where the non-linear response to particle position is used to
extract information on the second moment of the transverse beam distribution. The basic
idea was proposed a long time ago, and have been successfully used at a few occasions,
but have not found any widespread application. This is largely due to the fact that in
the quadrupole pick-ups used so far the very small interesting signal was embedded in a
massive common-mode background. The use of quadrupole pick-ups therefore required
very good rejection of this background to extract the beam size information.
This report describes a new design concept where, due to the pick-up geometry, there
is no common-mode background. In practice, this is achieved by coupling to the radial
component of the magnetic ﬁeld. Analytic formulae for the transfer impedances of such a
pick-up have been derived and compared with simulations and measurements on a series
of prototypes. Based on these results, a quadrupole pick-up have been developed for the
CERN Proton Synchrotron (PS), and its performance is discussed in detail.
It is shown that installing two such instruments in well-chosen locations in a circular
machine like the PS enables the measurement of matching and emittance of a single,
selected bunch, with an accuracy comparable to destructive methods. Some further possible
applications of quadrupole pick-ups in circular machines are also discussed.
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When a distinguished but elderly scientist states that something is possible,
he is almost certainly right. When he states that something is impossible, he
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“All science is either Physics or
stamp collection”
Ernest Rutherford
1.1 The Large Hadron Collider Project
1.1.1 Some Impressive Numbers
The Large Hadron Collider (LHC), currently under construction at CERN, will become
the worlds highest energy accelerator when it starts up in 2005. At collision energy, its two
counter-rotating beams consisting of almost 3000 bunches, each one ﬁlled with 1011 protons,
will have an energy of 7 TeV. This corresponds to a total stored kinetic energy of 350 MJ,
equivalent to about 75 kg of TNT, per beam. Along the entire machine circumference of
27 km, these beams will be kept inside a beam pipe aperture of less than 6 cm guided by
a magnetic ﬁeld of more than 8 T maintained by 1232 super-conducting dipole magnets.
The magnets are made of low-temperature super-conducting material in order to sustain
the electric current of about 12 kA needed to produce the high ﬁeld. Therefore, they must
be cooled to 1.8◦ K. Due to the large amount of energy stored in the beam, a loss of even
a very small fraction of the beam particles can potentially heat the magnets suﬃciently
to make them quench (cease to be super-conducting), which could cause damage since the
energy stored in the circulating electric current is then almost instantly converted into
heat1
The LHC design does not only touch the limits in many diﬀerent areas of technology,
but also the limit of public funding for large scale research projects. To be cost eﬀective,
the machine has been designed with only very small margins, which means that the design
parameters has to be strictly met in order for the collider to reach its foreseen luminosity
performance. The emittance and intensity of the injected beam are just some of those
critical parameters.
1The total energy stored in the LHC main bending magnets in the form of circulating electric currents
correspond to almost 2 tons of TNT[1].
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1.1.2 Particle Physics Motivation
There must be, and are indeed, very good reasons for building a machine as large and
complex as the LHC. One reason is to ﬁnd and study the Higgs boson that, on very
strong theoretical grounds, is believed to be responsible for the spontaneous breaking of
electroweak symmetry and the appearance of particle masses[2]. All available data points
to a Higgs mass of a few hundred GeV/c2, and recent hints from LEP seems to indicate a
mass as low as 115 GeV/c2[3], well within the reach of the LHC.
Also, our current understanding of the physics of fundamental particle tells us that the
established theory, the standard model (SM), can not be valid to arbitrarily high energies,
although it has performed wonderfully in precision measurements at the Large Electron-
Positron Collider (LEP). A strong argument for this is the so-called hierarchy problem,
which is linked to the fact that the Higgs mass (assuming that the Higgs exists) is not
protected by any symmetry of the SM. A perturbation expansion with loop diagrams in
the Higgs propagator is therefore quadratically divergent in the cut-oﬀ scale Λ, and cannot
be renormalised. Since the Higgs couples to particles in proportion to their mass, the
largest contribution to this eﬀect comes from loops involving top quarks. By requiring
that the Higgs mass contribution due to the interaction with the top should be smaller
than the Higgs mass itself, it is possible to determine an upper limit on the cut-oﬀ energy
ΛSM where the SM ceases to be valid. For a Higgs mass of 200 GeV/c
2, this limit is about
700 GeV/c2[4].
Thus, it is believed that the the SM is only an low-energy eﬀective theory, and that
a more general theory is needed. The most promising candidates for an extension of the
SM are the so called super-symmetric theories. Super-symmetry provide a natural cut-oﬀ
energy of the loop integrals occurring in perturbation theory, by postulating that all known
particles have heavy super-symmetric partners. The typical mass of these new particles
should be of the order of the cut-oﬀ energy ΛSM.
Super-symmetry appearing at about 1 TeV/c2 is also favoured by experiments, since it
would make the coupling constants of the strong, electro-magnetic and weak forces meet
in a single point at the energy scale ΛGUT, around 10
16 GeV[5].
Therefore, the LHC is bound to be a success. It will most likely uncover the Higgs
boson, unless it has already been detected at the Fermilab Tevatron by the time the LHC
experiments start up, in which case the LHC experiments will be able to study its properties
in detail. Moreover, the energy range of the LHC should cover at least some of the super-
symmetric particles, if they exist. Another possibility is of course that nothing at all, or
something totally unexpected, will be found at the LHC. This would perhaps be the most
exciting result, since then all the present theories fail and will have to be re-worked. In
any case, the LHC will provide a great step forward in our understanding of Nature at the
smallest and most fundamental scale.
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1.1.3 Beam Physics Challenges
The most important parameter for a collider like the LHC is the luminosity L, since it
gives the number of events that will eventually be seen in the experiments. For the LHC








where γL is the relativistic Lorenz factor, Np is the number of particles per bunch, εN is
the normalised emittance (which is assumed to be the same in both planes), Ip is the total
beam current and β∗ is the optical beta function at the interaction point. The total beam
current is limited by collective eﬀects and the cryogenic load due to synchrotron radiation,
particle losses and induced wall currents. The beam brightness Np/
N, on the other hand,
is limited by the head-on beam-beam interaction in collision, but also by space charge
eﬀects in the low energy injector machines.
The LHC is designed to run as close as possible to these limits, in order to maximise
the luminosity. The nominal target luminosity is 1034 cm−2s−1. To achieve this, the beam
brightness is a key parameter. In order to provide the LHC with the brightest beam it can
possibly accept, the emittance has to be kept small. There are also many beam dynamical
reasons for keeping the beam emittance small[7]. Moreover, a small emittance beam has
a larger safety margin for touching the vacuum pipe, which is very relevant considering
the large stored beam energy and the small aperture. To protect the magnets, a sophisti-
cated collimation scheme is foreseen, which will remove particles that are too close to the
aperture, in order to prevent them from depositing their energy in the superconducting
magnets. A large beam emittance will give higher losses at the collimators, and therefore
a reduced intensity. The LHC parameters for protons are given in Tab. 1.1.
1.1.4 Implications for the Injector Chain
The high demands on beam quality set by the LHC are propagated down the injector chain
(see Fig. 1.1) to the Super Proton Synchrotron (SPS), Proton Synchrotron (PS), the PS
Booster Synchrotron (PSB), and the linacs and particle sources. Unlike the LHC, that
have been optimised and built for its foreseen high-brightness beam, the machines in the
injector chain were initially constructed with only the highest possible intensity in mind,
and have had to be modiﬁed and upgraded to be able to deliver the bright beam required
by the LHC[8].
According to Liouville’s theorem of classical mechanics[9], the local phase space den-
sity is a constant of the motion. With some simpliﬁcations this can be translated into
the statement that the normalised emittance is a conserved quantity. This statement is
generally true, but there are some exceptions. Emission of synchrotron radiation[10], for
example, can reduce the emittance, since it is a non-conservative process. Synchrotron
radiation, however, is mainly an issue in electron machines. In the LHC, the damping
time due to synchrotron radiation will be of the order of 40 hours, much longer than the
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Parameter Initial Nominal Ultimate Unit
Beam Energy (E) 7 7 7 TeV
Luminosity (L) 0.1 · 1034 1.0 · 1034 2.3 · 1034 cm−2s−1
Beam Current Ip 0.086 0.56 0.845 A
Number of bunches 2808 2808 2808
Particles per bunch (Np) 0.17 · 1011 1.1 · 1011 1.67 · 1011
Bunch r.m.s. duration - 0.28 - ns
Bunch separation 24.95 24.95 24.95 ns
Normalised transverse emittance (εN) 1.0 3.75 3.75 µm
Beta at IP (β∗) 0.5 0.5 0.5 m
Beam r.m.s size at IP 4.24 15.9 15.9 µm
Table 1.1: LHC proton beam parameters at collision (compiled from LHC parameter database[1]).
The initial beam will be used during machine commissioning, the nominal beam corresponds to
the design value and the ultimate beam is what can be expected if all systems perform perfectly.
The ultimate values are for cryogenics and instrumentation only, the magnet and powering can
go to 7.54 TeV, but the beam current will then be limited by the cryogenics.
expected luminosity lifetime. There are also some ingenious inventions that can reduce the
emittance. Stochastic cooling[11] uses the fact that the beam consists of a ﬁnite number of
particles, and not a continuum, to re-arrange the empty space between particles to bring
them closer together and decrease the emittance, while respecting Liouville’s theorem. Due
to resolution limits, however, it can only be used for relatively low intensity beam. Electron
cooling[12] decreases the emittance of an ion beam by letting it interact with a very cool
(small emittance) beam of electrons. As the two beams move towards thermal equilibrium,
the ion beam emittance is transfered to the electron beam, which is eventually dumped.
Most eﬀects that does not conserve the emittance, however, tend to increase rather
than decrease it. The electromagnetic interaction between particles in the beam[13], the
so-called space charge eﬀect, creates a tune spread within the beam. If the tune spread
is large enough, particles may be trapped on resonances which lead to emittance increase
or even beam loss. This is mainly a concern in low energy machines, since space charge
eﬀects decrease rapidly with increasing energy. Sudden changes in the vacuum chamber
shape or size can give rise to wake-ﬁelds[14] that can induce resonances and emittance
growth. The vacuum chamber of high intensity machines is therefore made as smooth as
possible. Rutherford scattering between individual particles in the beam, so called intra-
beam scattering[15], can also lead to an increased emittance. This is mainly a problem for
highly charged ions.
A relatively large emittance increase is possible in the process of transferring a beam
from one machine to another. Before ejection, the beam distribution in phase space is
given by the steady-state solution of the equations of motion in the sending machine. The
beam is then ejected and sent through a transfer line containing bending and focusing
magnets. Ideally, it should arrive in the receiving machine with a phase space distribution
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Figure 1.1: The LHC injection chain for protons and ions. The cut in the LHC shows the two
separate beam pipes for the counter-rotating beams.
corresponding to the steady-state solution of that machine. This requirement applies to
both mean position, size and divergence of the beam. If the beam is injected with an
error, e.g. due to incorrect magnet settings in the transfer line, this will lead to emittance
increase.
For the LHC beam no active cooling will be done, and synchrotron radiation damping
is negligible. It is therefore essential to suppress processes that leads to emittance increase.
The smallest achievable emittance is given by the emittance of the source. The diﬀerence
between the source emittance and the nominal LHC emittance deﬁnes the blow-up margin.
This has been allotted to the diﬀerent machines in the injection chain according to Tab. 1.2.
Between the exit of the Booster and the exit of the PS, the allowed emittance increase is
limited to about 10%. In order to achieve this, the beam has to be carefully steered, and
it optical parameters well matched to the receiving machine, when it is transfered.
1.2 The Emittance Measurement Problem
The LHC project puts high demands on the emittance preservation along the injector chain.
However, the measurement of transverse emittance and matching is not trivial. The LHC
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Machine Energy Normalised Batches to ﬁll
Emittance, εN receiving machine
LHC 7 TeV 3.75 µm -
SPS 450 GeV 3.75 µm 12
PS 26 GeV 3.5 µm 3
PSB 1.4 Gev 3.0 µm 2
LINAC 50 MeV 2.5 µm 1
RFQ 750 keV 1.2 µm 1
GUN 0.5-1.0 µm 1
Table 1.2: Normalised emittances at the exit of each machine in the injector chain, in order to
ﬁnally reach the nominal LHC emittance. The beam energy and the number of batches required
to ﬁll the receiving machine is also shown. Table from [16].
emittance budget foresees a maximum increment in emittance of the order of 10% at each
step in the chain. It is interesting to note that all methods for measuring the transverse
emittance have errors that are expected to be in this order of magnitude[17]. The reason
for this is that even if the beam size can be measured with outstanding accuracy, to turn
this into a value of the emittance necessarily involves the use of some input parameters
describing the optics of the machine, which introduces signiﬁcant systematic errors. Also,
in most cases, one has to correct for dispersive eﬀects which are due to the energy spread
of the beam, and this yields another source of systematic error. Since the statistical errors
are easily reduced by collecting a large enough data set, systematic errors usually dominate
completely the total error of any emittance measurement. Comparative measurement at
level of 10% or better are therefore not obvious.
1.2.1 Standard Techniques to Measure Emittance
Wire Scanner
The wire-scanner[18], sometimes called ﬂying wire, measures the beam proﬁle by moving a
wire through the beam and recording either the shower of secondary particles produced, or
the secondary emission current induced in the wire. Since the wire is very thin and passes
through the beam quickly, the measurement does not perturb the beam signiﬁcantly, apart
from at very low energies where some emittance blow-up is caused[19]. At high energies,
the heating of the wire by the impinging particles can be a problem. For this reason, the
method can not be used in the LHC at full intensity, since the wire would burn. The time it
takes for the wire to traverse the beam is of the order of thousands of machine revolutions,
so the beam must be stable during this time is order not to falsify the measurement. The
beam proﬁle obtained with a wire scanner has a very high resolution, and the error in
the emittance value obtained is therefore dominated by systematic errors, as discussed
previously.
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BeamScope
The BeamScope[20] is an instrument used e.g. in the PS Booster. It measures the decrease
in beam current as the beam is moved by a local closed orbit bump towards an aperture
limitation, and gradually lost. For a constant bump velocity, the time-derivative of the
measured beam intensity gives the betatron amplitude distribution, from which the the
emittance can be calculated. However, in practice the measurement is quite complicated
and involves sophisticated corrections for diﬀerent eﬀects, which makes it susceptible to
errors. The method also requires a stable, circulating beam, which is not entirely compati-
ble with the orbit bump, that tends to induce counter-reactions in the fast feed-back loops
that are designed to keep the beam stable. Apart from potential errors introduced in the
data treatment, systematic errors from machine optics parameters aﬀects the results as in
the case of the wire-scanner. Moreover, this method is totally destructive and therefore
not suitable for on-line emittance monitoring.
Optical Transition Radiation
Optical Transition Radiation (OTR) screens make use of radiation emitted by a charged
particle passing the boundary between two media with diﬀerent refractive indices. A thin
foil (usually aluminium) is placed in the beam path, and the emitted light focused onto a
micro-channel plate (MCP) that ampliﬁes it before it is measured by a CCD camera. The
result is a two-dimensional proﬁle of the beam, with a very good resolution. Since the foil
can be made very thin, the eﬀect on a beam of high-energy particles is small for a single
pass. In a transfer line, three or more such screens are used together to collect enough
beam size data to calculate the emittances, using the knowledge of the optics of the line.
An interesting application of OTR screens have been developed for the SPS[21], where a
screen is left in the circulating beam and the beam size is measured for a number of turns
immediately following the injection. In this way, correct beta matching can be ensured
by verifying that the beam size is not oscillating. Since the measurement of the relative
beam size oscillation amplitude is not dependent on any input parameters, this is a very
accurate way to measure the matching. The data acquisition is limited by the MCP dead-
time to once every four machine turns. Moreover, the screen left in the circulating beam
causes some emittance blow-up, and the method is therefore not suitable for continuous
monitoring.
Secondary Emission Monitors
Secondary Emission (SEM) Grids[18], or Harps, consists of a number of parallel wires.
The charge deposited on the wires due to secondary emission is measured. This way
one can measure the transverse beam dimensions in the horizontal and vertical planes.
The standard use of SEM grids is in transfer lines, where data from several grids are
used together, as in the case of the OTR screens. The grids are semi-destructive, and the
resolution of the proﬁles is given by the wire-spacing on the grid. With a reasonable number
of wires per standard deviation, the beam size can be determined with good accuracy. The
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calculation of emittance requires knowledge of the optics, as in the other methods, which
introduces systematic errors.
A SEM grid with a fast data acquisition system was tested in the PS Booster for space
charge studies at injection[22]. This system, which was inspired by the multi-turn OTR
screen measurements in the SPS, have been adapted to the PS[23] and used for some
measurements presented in this report. This method is however entirely destructive, since
the beam is dumped after some 50 turns to avoid damage to the grid.
1.2.2 Quadrupole Pick-ups
One way of gaining information about the beam size is to measure the quadrupole ﬁeld
component induced by the beam. It can be shown that its magnitude is proportional to
κ = σ2x − σ2y + x¯2 − y¯2, (1.2)
where σx and σy are the horizontal and vertical r.m.s. beam size, and x¯ and y¯ the beam
position. This measurement can be done with a so-called quadrupole pick-up. The idea
of such a pick-up was ﬁrst introduced by Gol’din[24] already in 1966. He proposed to use
an electrostatic pick-up with parabolic electrodes following the equipotential lines of the
quadrupole ﬁeld component. His ideas were taken up by Nassibian at CERN, who also
generalised Gol’din’s work to higher order ﬁeld components[25]. However, it was found
that the parabolic electrodes proposed by Gol’din are not practically feasible due to their
large inter-electrode capacitance that reduces the sensitivity.
Since Gol’dins proposal of a specialised quadrupole pick-up, very little work has been
done in order to optimise the design of a dedicated quadrupole pick-up. Standard position
pick-ups have been used, sometimes with some modiﬁcations. This is in a way a contra-
diction, since the quadrupole signal originates from the non-linearity of the pick-up, and
position pick-ups are usually optimised to have a linear response to beam displacement.
The quadrupole signal is therefore extremely small. In particular, in a perfectly linear
position pick-up the quadrupole signal is absent.
Historically, two main problems have been associated with quadrupole pick-ups, and
restricted their usefulness as beam size monitor. The ﬁrst is that the output quadrupole
signal is not only dependent on the beam dimensions, but also on the beam position. As
will become clear, this is a fundamental problem which can not be solved by a clever
pick-up design. It can however be overcome either by centring the beam in the pick-up
or measuring the beam position and correct for its contribution. As long as the beam
displacement from the centre is small compared to the beam this can be done with a
reasonable accuracy.
The second and major problem is the range in signal levels involved. If the electrodes
are situated at a distance a from the beam pipe centre, the ratio between the quadrupole
signal and the dominating beam current signal is of the order of σ2/a2. Thus, if the beam
is much smaller than the aperture, a very good rejection of the beam current signal is
required to measure the quadrupole signal with any accuracy. However, as will be shown,
the latter problem is not fundamental, but can be solved by an improved pick-up design.
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In the few cases where quadrupole pick-ups have been successfully used, one can see a
clear distinction in how the signals have been acquired. In electron LINACs, being single
pass machines, the pick-up signal have been studied bunch-by-bunch. Typically, several
measurements, using either separate pick-ups of diﬀerent magnet focusing strengths, have
been combined to calculate the emittance and matching[26, 27, 28]. In circular machines,
however, the frequency spectrum of the signal have been studied to detect the peaks that
would be produced by beam size oscillations due e.g. to bad matching[29, 30, 31]. One rea-
son why a LINAC type emittance measurement on a single bunch was so far not attempted
in a circular machine is probably that the beam-size-to-aperture ratio in is generally smaller
circular machines, and therefore the common-mode rejection problem is more acute.
1.2.3 Requirements on a Matching Detector for the PS Machine
The PS machine is ﬁlled with beam from the preceding machine, the PS Booster. The
Booster consists of four rings, stacked on top of each other, each containing a single bunch.
At ejection, the four bunches are recombined to the level of the PS using a series of vertical
kickers and septa in the transfer line. The LHC injection scheme foresees that the PS is
ﬁlled with six bunches from two consecutive Booster cycles. All bunches therefore comes
from either diﬀerent rings or diﬀerent machine cycles. Steering and matching errors should
therefore be monitored on a bunch-to-bunch level. For this to be possible, the pick-up
must have enough bandwidth to cover the entire bunch spectrum. In the PS this means a
required bandwidth ranging from about 70 kHz to 20 MHz.
The transverse r.m.s. width of the LHC beam is of the order of 10 mm at injection
into the PS, and the matching instrument should be able to measure optical mismatch
(also called beta-beating) of the order of about 10%. The PS was originally built for
high-intensity, large emittance beam, and its elliptical vacuum pipe has a major axis of
145 mm. To maintain the possibility of accelerating high intensity beams for parallel users,
the aperture can not be reduced. Therefore, using a standard electrostatic position pick-up
to measure the quadrupole moment would require a very good common-mode rejection.
Test with such a pick-up was made, but did not produce useful results.
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Chapter 2
Theoretical Background
“The conventional view serves to protect us
from the painful job of thinking”
J.K. Galbraith
2.1 Basic Accelerator Theory
There is a wealth of introductory literature in accelerator theory[32, 33, 34]. This section
is not intended as a complete overview of accelerator physics, but rather as a brief intro-
duction to the notation used in this report. Speciﬁc references are only given for formulae
that are not commonly found in introductory books.
2.1.1 Equations of Motion in the Transverse Plane
Most accelerators are made up of a sequence of magnets, where each magnet only has
one ﬁeld component (sometimes two). Dipole ﬁelds deﬂect the beam and deﬁne the beam
trajectory, whereas quadrupole ﬁelds provide focusing. The sequence of magnets is called
the machine lattice. Due to the focusing force of the quadrupoles, particles in the beam
which are not on the central beam trajectory perform betatron oscillations. The oscillations
are governed by Hill’s equation, which has the form
∂2
∂s2
x+K(s)x = 0 (2.1)
where x is the deviation from the reference trajectory, s is the longitudinal coordinate




β(s) sin(µ(s) + µ0) (2.2)







1In the horizontal plane, there is also a focusing eﬀect due to the curvature of the trajectory
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is called the tune (the symbol ν will be used in this report for the tune as measured in
radians).
By taking the derivative of Eq. (2.2) and making use of trigonometric identities one
can derive the Courant-Snyder invariant
A2 = γ(s) x(s)2 + 2α(s) x(s) x′(s) + β(s) x′(s)2 (2.5)












The form of the invariant shows that particle trajectories follow ellipses in phase space
(x-x′ space), and that the shape of the ellipse changes along the machine.
In practice, Eq. (2.1) is solved by piecewise integration, using a so-called hard-edge
model where K is constant inside quadrupoles and zero outside. Then, one can deﬁne a




















where S and C are the sine-like
S(0) = 0, S ′(0) = 1 (2.8)
and cosine-like
C(0) = 1, C ′(0) = 0 (2.9)
solutions to Eq. (2.1) for constant K.
The transfer matrix for a series of elements is given by the product of their individual
matrices. The sine- and cosine-like solutions for such a transfer matrix can also be expressed
in terms of the Twiss parameters α, β, γ and the phase advance µ, using Eq. (2.2), which
yield the parametrisation
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for the transfer matrix. If the transfer matrix describes one full turn in a circular machine,
exit and entry Twiss parameters are the same, and therefore the one-turn transfer matrix
of a circular machine is given by











from which the periodical (lattice) Twiss parameters can be calculated when the transfer
matrix is known.
Using the Courant-Snyder invariant one can also derive the propagation rule for the
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2.1.2 Motion of Oﬀ-Momentum Particles
Since the deﬂection of a charged particle in a magnetic ﬁeld is dependent on the momentum
of the particle, oﬀ-momentum particles do not see the same bending angle in the dipole
magnets. Their reference trajectories are therefore diﬀerent from on-momentum particles.
This is parametrised by the dispersion function D, and its derivative with respect to s, D′.







in other words, it describes the amount of trajectory oﬀset per unit relative momentum
oﬀset. In a circular machine, the dispersion is deﬁned by periodic boundary conditions,
just as the Twiss functions. When dispersion is included, the position of a beam with
respect to the central (on-momentum) trajectory is given by
x = A
√
β sin(µ− µ0) + ∆p
p
D (2.14)
The oﬀ-momentum particles in a circular machine perform betatron oscillation with respect
to their oﬀ-momentum reference orbit. Since the focusing is also aﬀected by the momentum
oﬀset, the tunes of these particles are diﬀerent. The change of tune with momentum is







If the chromaticity of a machine is non-zero, the momentum spread of a beam therefore
gives rise to a tune spread.
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2.1.3 Emittance and Twiss Parameters of a Beam
The emittance is a measure of the beam size and divergence. The statistical deﬁnition of
emittance[35], which has the advantage of being independent of the detailed distribution








〈 · 〉 denote average over all particles. Here, x and x′ are the oﬀsets with respect
to the centre of the beam. The emittance is deﬁned for the reference momentum, so any
additional displacement due to momentum deviation and dispersion has to be subtracted.











are invariant under the transformation given in Eq. (2.11). In other








= −εα, 〈x′2〉 = γε (2.17)
and it therefore makes sense to deﬁne the Twiss parameters of the beam in this way.
(Where there is a possible confusion, Twiss parameters of the beam and the lattice will be
separated using bar and tilde signs, i.e. β¯ for the lattice beta and β˜ for the beam beta).





if the beta function of the beam is known. For a stable beam in a circular machine, the
beam beta function is given by the lattice. In a transfer line, one can determine the beam
beta function by measuring the beam size at several locations and use the propagation
equation for beta functions in Eq. (2.12).
If there is a non-zero dispersion, the extra widening of the beam due to its momentum











There are also other deﬁnitions of emittance, based e.g. on the area in phase space
containing a certain percentage of particles. It is however usually hard to experimentally
determine these emittances without making assumptions on the beam distribution.
The emittance as deﬁned above is a conserved quantity at ﬁxed energy, but not during
acceleration. This is because the phase space coordinates x and x′, which are generally used
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in accelerator physics, are not canonical coordinates. The canonical conjugate momentum
to x is
px ≈ p x′ ∝ βLγL x′ (2.21)





contains the relativistic factor βLγL, and is ideally a conserved quantity. As will be dis-
cussed later, there are however some processes that can lead to its increase.
2.1.4 Filamentation and Emittance Increase at Injection
Since the beam has a tune spread, due e.g. to chromaticity, particles move around their
phase space ellipses with slightly diﬀerent velocities. Therefore, any coherent phase space
structure in the beam will eventually decohere, and leave just the elliptic shape governed
by the Twiss parameters. The process is called ﬁlamentation.
As an example, one can consider a pencil beam where all particles initially have an oﬀset
a with respect to the centre. Without tune spread the beam would oscillate coherently
forever, according to the formula
x = a cos νn (2.23)
However, if the particles in the beam have, for example, a Gaussian distribution of tunes









dν = a e−
n2σ2ν
2 cos ν0n (2.24)
i.e. the average beam position decays with time. The characteristic decay time is given
by the inverse on the tune spread σν , and the exact way the signal decays depend on the
tune distribution. In the special case of a Gaussian tune distribution, the amplitude decay
is also Gaussian.
In case the beam is resonantly excited by a driving term, this decoherence eﬀect limits
the coherent response. The eﬀect is called Landau damping, and stabilises the beam against
certain instabilites where the driving term is itself proportional to the coherent motion of
the beam (so-called collective instabilities[36]).
The amplitude of the individual particles does not decrease with time. It is only the
mean position of the beam in phase space that changes. If fact, the emittance is growing in
the process. In the case of the pencil beam, the initial emittance is zero, since all particles
are concentrated in one point. With time, the tune spread gives rise to a phase spread, and
the beam starts to get a spatial distribution. Eventually, the particles are evenly distributed
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in phase and the beam looks like a doughnut. At this point, the average position of the
beam is no more oscillating, but the eﬀective beam size has increased signiﬁcantly.
This is the reason why it is very important to steer the beam onto the closed orbit
at injection into a circular machine. However, also errors in the Twiss parameters and
dispersion of the injected beam leads to ﬁlamentation and emittance blow-up. The r.m.s.
emittance increase due to diﬀerent injection errors can be calculated analytically. For a





(∆x)2 + (β¯∆x′ + α¯∆x)2
εβ¯
, (2.25)






(β˜γ¯ + β¯γ˜ − 2α¯α˜− 2), (2.26)
where, as mentioned before, barred parameters refer to the lattice and parameters with a







(∆D)2 + (β¯∆D′ + α¯∆D)2
εβ¯
(2.27)
It is interesting to note that the relative emittance increase due to beam steering and
dispersion function errors are inversely proportional to the beam emittance, whereas the
betatron mismatch contribution is independent of the original emittance. Moreover, the
emittance increase due to a dispersion function error is quadratic in the momentum spread.
Since the LHC beam will have a small emittance and large momentum spread, this hints
that correcting steering and dispersion function errors will be especially important.
2.1.5 Machine Resonances
The magnets of a real machine always have some ﬁeld errors. The eﬀect of these errors is
that particles get an extra kick when passing the magnet. The magnitude and direction
of this kick depends on the particle position. Since the position varies from turn to turn
due to the betatron oscillations, the average eﬀect of these kicks cancel over many turns in
most cases. There are however, some cases where the kicks add up. The general condition
for such a resonant behaviour is[33]
mQx ± nQy = P (2.28)
where m, n and P are integers. The value
N = n+m (2.29)
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is called the order of the resonance. The value N deﬁnes the ﬁeld component driving the
resonance, which will have 2N poles. The distribution of these errors in the machine,
on the other hand, is described by the P . When P is a multiple of the periodicity of the
magnet lattice in the machine, the resonance is called systematic, and is likely to be strong.
The lowest order ﬁeld multipoles errors are normally largest, and therefore the lowest order
resonances are the most dangerous.
The resonance condition deﬁnes lines in tune space, and can be visualised in a tune
diagram (see Fig. 2.1). The position in tune space where a machine is operated is called








Figure 2.1: Tune diagram showing the region of tune space where the CERN PS is operated.
Resonance lines up to sixth order are drawn.
2.1.6 Linear Coupling
The resonance where Qx = Qy is called the linear coupling resonance and is driven by skew
quadrupole ﬁeld components. Skew quadrupoles and solenoidal ﬁelds couple the motion
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in the two planes. A simple machine model with constant focusing strength yields the
equations[33]
x′′ +Kx x = −b y′ − ks y
y′′ +Ky y = b x′ − ksx (2.30)
where ks gives the eﬀect of the skew quadrupoles (position coupling), and b the eﬀect of
solenoids (velocity coupling). If δ = Kx−Ky is small (close to the resonance), the equations
of motion have the general solution
x = Aej(K+η/2)s − B(η − δ)√
(ks/K)2 + b2
ej(K−η/2)s+jφ




where A and B are complex constants, K = (Kx +Ky)/2 and
η =
√
δ2 + (ks/K)2 + b2 (2.32)
φ = arctan(K b/ks) (2.33)
From Eq. (2.31), the two normal modes of oscillation can be found by setting A or B to
zero. In real space, the normal modes describe ellipses whose major axes are inclined by
an angle α with respect to the horizontal plane, where
tanα =
−δ ±√δ2 + (ks/K)2
ks/K
(2.34)
Because of this eﬀect, a circulating beam in a coupled machine is also tilted by the same
angle.
The frequency separation of the two modes is given by η. The smallest possible sepa-
ration occurs when δ = 0 and is given by the magnitude
C =
√
(ks/K)2 + b2 (2.35)
of the coupling. Thus, the coupling strength can be measured by changing the focusing in
the two planes to ﬁnd the minima, and measure the frequency separation.
The tilt of the normal modes give rise to an apparent amplitude interchange between
horizontal and vertical plane, with a frequency given by η, i.e. the frequency diﬀerence
between the two normal modes.
2.1.7 Collective Eﬀects
So far, it was assumed that particles in the beam do not interact among themselves. This is
an assumption with limited validity. The eﬀects of the charge distribution within the beam
on the beam itself are called space charge eﬀects, and are usually separated in longitudinal
and transverse phenomena.
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Transverse Space Charge
There are two types of space charge interactions in the transverse plane, direct and indi-
rect. The direct space charge is the Coulomb interaction of the charged particles among
themselves. Since particles of equal charge repell each other, this is a defocusing eﬀect. For
an unbunched beam with uniform spatial distribution in a smooth machine with constant
beam cross section, all particles see the same tune shift[36]
∆Q = − λr0R
2εNβLγ2L
(2.36)
where λ is the line charge of the beam, r0 is the classical radius of the beam particle, R is
the radius of the machine, βl and γL the Lorenz parameters. With a more realistic particle
distribution, the space charge force depends on particle position, and the result is a tune
spread.
The indirect space charge eﬀect is due to the interaction of the beam with its image
charge on the conducting vacuum pipe. If the beam is oﬀ-centre, the distribution of image
charges on the pipe surface will be uneven. The ﬁeld produced by the unbalanced image
charges exerts a force on the beam, that tends to draw it even closer to the chamber. It is
therefore also a defocusing eﬀect. The magnitude of the eﬀect depends on the shape of the
vacuum chamber and magnet pole pieces (i.e. the distribution of conducting and magnetic
material around the beam), and is parametrised by the transverse impedance (measured
in Ω/m).
Whereas the indirect space charge applies also to the beam as a whole, the direct space
charge is only seen by individual particles in the bunch. This means that if the entire
beam is oscillating coherently, the oscillation frequency will be sensitive to the indirect
space charge eﬀect, but not the direct. Thus, coherent beam oscillations can not be used
to simulate the motion of particles inside the bunch in the presence of space charge. In
particular, the tune as measured by kicking the beam and measuring its coherent oscillation
frequency is not necessarily the same as the tune of particles inside the bunch.
If the beam is bunched, the line charge is not constant. Thus particles will see a diﬀerent
defocusing force depending on their longitudinal position within the bunch. This creates
a tune spread within the bunch, which can be quite large.
Longitudinal Space Charge
There is also a direct space charge eﬀect in the longitudinal plane. However, since the
bunches are often much longer than their transverse dimensions, this eﬀect is usually
small. The interaction with the conducting chamber, on the other hand, is a very important
eﬀect. As mentioned before, a beam moving inside a conducting chamber induces an image
current in the chamber wall. If the chamber has a constant cross-section and is perfectly
conducting, the longitudinal image current distribution is a copy of the longitudinal charge
distribution in the beam, when the beam velocity is close to the speed of light.
However, poor conductivity and discontinuities in the beam pipe act as an impedance
for the wall currents and and can extract energy from the beam. If the impedance is
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reactive, the energy is returned to the beam at a later time. In certain cases, this can lead
to instabilities.
The longitudinal impedance of a machine is usually quoted as Z/n where Z is the
impedance in Ohms and n is the ratio ω/ωrev. This because at higher frequencies, the
beam is less sensitive to the impedance, since the Landau damping is more eﬃcient.
2.2 Pick-up Working Principles
In any accelerator or storage ring, pick-ups are standard diagnostic devices to measure the
position of the beam inside the vacuum chamber. The working principle of a pick-up is to
measure the relative strength of diﬀerent ﬁeld components induced by the beam, and the
design of the instrument depends on which ﬁeld that is measured.
2.2.1 Electrostatic Pick-ups
A typical electrostatic pick-up is shown schematically in Fig. 2.2 and consists of four elec-
trodes around the beam. The passing beam induces a voltage on each of these electrodes.
If the electrode is a button with radius a, the induced voltage is[37]







for a centred beam. Here, ib is the beam current, R the load impedance and C is the
capacitance of the electrode with respect to ground, which is usually a few pF. In order to
get a suﬃcient low frequency response, the load must therefore be quite high.
The relation between the output voltage from an electrode and the beam current is





and is a function of beam position.
If the beam is not centred, a higher voltage will be induced on those electrodes that
are closer to the beam. For small beam oﬀsets one can obtain the beam position relative
to the centre of the pick-up by combining the four signals as
x¯ ≈ Px R − L
T +B + L+R
(2.39)
and
y¯ ≈ Py T − B
T +B + L+R
. (2.40)





Figure 2.2: A typical electrostatic position pick-up with four buttons.
where Px and Py factors determined by the pick-up geometry. In the round geometry
discussed above, they are simply given by the radius r of the pick-up. The division by
T +B + L+R ∝ ib, (2.41)
is performed to remove the dependence on the beam current ib. The linear relation is an
approximation valid for small deviations from the centre. For large oﬀsets, non-linear terms
will become important. Position pick-ups are however usually designed to be as linear as
possible.
A fourth signal can be extracted by combining the four electrode signals as
Ξ =
R− T + L−B
T +B + L+R
. (2.42)
This is the so-called quadrupole signal. It originates from the non-linearity of the pick-up
(more exactly, the quadratic term in beam position), and is approximately proportional
to[26]
κ = σ2x − σ2y + x¯2 − y¯2, (2.43)
which is referred to as the quadrupole moment.
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2.2.2 Magnetic Pick-ups
Magnetic pick-ups measure the magnetic ﬂux by means of the current induced in loops




4B · d4S (2.44)
where S is the area enclosed by the loop. The ﬂux depends on the beam current as
Φ = M ib (2.45)
where M is called the mutual inductance, and is a function of beam position. The induced
voltage is given by
u = − ∂
∂t
Φ (2.46)








where L is the self-inductance of the loop. Contrary to the case of an electrostatic pick-up,
the load has to be small in order to achieve an good low frequency response.
In a standard magnetic position pick-up, the loops are arranged to measure the θˆ-
component of the ﬁeld (see Fig. 2.3). With this conﬁguration, the relative magnitude of
the signals induced are similar to the electrostatic case, and the output signals are combined
in the same way to obtain the position in the two planes.
Magnetic pick-ups generally give lower signals than electrostatic ones, but have the
advantage that they are relatively insensitive to losses, which perturbs the electrostatic
pick-up signals by depositing charge on the electrodes. Therefore, magnetic position pick-
ups are mainly used in machines where losses are a problem.




Figure 2.3: A typical magnetic position pick-up. The four antenna loops measure the azimuthal
ﬁeld components induced by the beam. The arrow symbolises the beam.
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Chapter 3
Analytical Field Calculations
“Do not worry about your diﬃculties in




A derivation of the couplings of a pick-up inevitably starts with the calculation of the
particular ﬁeld that the pick-up is sensitive to.
In the ultra-relativistic limit, the ﬁelds created by a beam of particles inside a smooth
conducting pipe are purely transverse[38]. Therefore, ﬁeld calculations can be reduced to
only the two transverse coordinates. The transfer impedances of an electrostatic pick-up
are usually calculated via the image current distribution induced by the beam on the inside




















cos 2θ + . . .
])
. (3.1)
where θ is the azimuthal angle. Although this result has often been derived assuming a
Gaussian beam distribution[26, 39], it is in fact completely independent of the exact distri-
bution of the particles in the beam[40]. For a given electrode position, Eq. (3.1) gives the
relative magnitude of diﬀerent signal components. What is important for the measurement
of the quadrupole moment is that on a given electrode the component containing the beam
size information is a very small part of the total signal. It could be argued that the pick-up
could be made more sensitive to the beam size by optimising the beam pipe and electrode
geometry, but the simple fact that the total image current equals the total beam current
means that there will always be a strong common-mode component in the electrode signal.
This is an inherent property of all electrostatic pick-ups, but is not necessarily true for
magnetic ones.
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3.2 Magnetic Field Induced by a Particle Beam
3.2.1 Inﬁnite Beam in Free Space
Under quasi-static conditions, the magnetic ﬁeld created by a current distribution 4J is




∫∫∫ 4J(4r′)× (4r − 4r′)
|4r − 4r′|3
dx′ dy′ dz′ (3.2)
where 4r′ = x′xˆ + y′yˆ + z′zˆx′ are the source coordinates and 4r = xxˆ + yyˆ + zzˆ is the
point where the ﬁeld is measured. If it is assumed that the current distribution is an
inﬁnitely long relativistic particle beam of constant cross section, aligned with the z axis,
then J = J(x, y) zˆ and






(y − y′)xˆ− (x− x′)yˆ)(
(x− x′)2 + (y − y′)2 + (z − z′)2)3/2 dz′ dx′ dy′ (3.3)





J(x′, y′) · ((y − y′)xˆ− (x− x′)yˆ)
(x− x′)2 + (y − y′)2 dx
′ dy′ (3.4)
















(y − y′)xˆ− (x− x′)yˆ





The term in brackets can then be rewritten using the trivial relation
∂f(x− x′)
∂x′





















x2 + y2︸ ︷︷ ︸
ﬁeld
(3.7)
where ﬁeld and source properties have been conveniently separated.
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3.2.2 Relation Between Beam Moments and Field Multipoles










J(x′, y′) x′i y′j dx′ dy′ (3.9)
are the so-called moments[42] of the current distribution J(x, y). The number i+ j is the
order of the moment. The 4Bij terms correspond to ﬁeld multipoles of order i + j. The
lowest order beam moments and the corresponding magnetic ﬁeld components are listed
in Tab. 3.1.
Moment Related beam parameter 4B-ﬁeld component
m00 =
∫∫
J(x, y) dx dy Total beam current −m00 µ02π 1ρ θˆ
m10 =
∫∫






























































































Table 3.1: Summary of current density moments of a beam, and their corresponding ﬁeld compo-
nents in cylindrical coordinates.
There exists a general theorem[43] stating that any distribution can be reconstructed
if all its moments are known. This have lead to attempts at TRIUMF to build octupole,
hexapole and even higher order mode pick-ups measuring wall current distributions in the
beam pipe[44, 45, 46]. However, as pointed out by Nassibian[47], it is impossible to obtain
all beam moments by measuring the ﬁeld around the beam, since there are k+1 moments
of a given order, but not more than two independent multipole ﬁeld components.
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What can be measured are not the moments directly, but the ﬁeld components. From
the strength of a given ﬁeld component, one can deduce the value for certain combina-
tions of those moments producing that particular ﬁeld component. These combinations of
moments are the multipole moments given in Tab. 3.2.
Multipole moment Multipole name Corresponding 4B-ﬁeld component
ib =
∫∫
J(x, y) dx dy Monopole −ib µ02π 1ρ θˆ
ib x¯ =
∫∫




























































Table 3.2: Summary of multipole moments of a beam, and their corresponding ﬁeld component in
cylindrical coordinates.
3.2.3 Inﬂuence of a Conducting Boundary
Writing down the expression for the ﬁeld including components up to sextupole yields


























































+ . . .
]
(3.10)
If the current density is enclosed in a perfectly conducting cylindrical pipe with inner radius
d, image currents will be induced on the inside of the pipe, as mentioned before. These
currents also induce a magnetic ﬁeld. Since this ﬁeld has no sources inside the pipe, it can
be expressed in a standard multipole expansion as
4Bwall(ρ, θ) = b1
(






















ρ2 sin 3θ θˆ − ρ2 cos 3θ ρˆ
)
+ . . . (3.11)
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As the radial component of the total magnetic ﬁeld has to vanish at the perfectly conducting
boundary, the coeﬃcients can be found by term-wise identiﬁcation, and the total ﬁeld inside

















































































− ζ ′cos 3θ
ρ4
)
ρˆ+ . . .
]
(3.12)
The radial components of the ﬁeld are suppressed by the presence of the conducting bound-
ary, whereas the azimuthal components are enhanced. It is interesting to see that Eq. (3.1)
can be derived from this result by calculating the ﬁeld at the conducting boundary





















+ . . .
]
(3.13)
and using the fact that the current induced on a conducting boundary is proportional to
the tangential component of the magnetic ﬁeld.
3.3 Conceptual Quadrupole Pick-up Design
3.3.1 Basic Design Idea
A big diﬀerence between magnetic and electric coupling is the fact that using magnetic
coupling, not only the magnitude of the ﬁeld can be measured, but also its direction. Thus,
for the design of a magnetic pick-up, there is an extra degree of freedom. Magnetic pick-ups
are traditionally made to couple to the azimuthal ﬁeld component. From the conjecture
between the azimuthal ﬁeld component at the boundary and the wall current distribution,
one can infer that a magnetic pick-up measuring the azimuthal ﬁeld component will always
have a similar behaviour to an electrostatic pick-up. In particular, the output signal will
have a similar dependence on beam current, position and size. Therefore, there is not
much to be gained by designing a quadrupole pick-up as a ’traditional’ magnetic position
pick-up.
However, from the above derivation of the beam-induced magnetic ﬁeld it can be seen
that the monopole ﬁeld mode, that is the origin of the common-mode signal in ’conven-
tional’ quadrupole pick-ups, does not have any ρˆ component. Thus, one can avoid to couple
to the monopole mode by building a pick-up that measures Bρ.
This is achieved by shaping the antenna loops as a cylinder around the beam, as shown
in Fig. 3.1. To be sensitive to the normal quadrupole mode (corresponding to κ) the loops
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should be situated at 45◦ to the horizontal plane, since the ﬁeld strength is maximum
there. A pick-up with loops aligned with the horizontal and vertical planes would measure
the skew quadrupole mode (corresponding to κ′).
Figure 3.1: Arrangement of antenna loops to couple to the radial component of the magnetic ﬁeld.
The arrow symbolises the beam.
By building a pick-up in this way, the requirements on dynamic range and common
mode rejection in the electronics analysing the pick-up signals are considerably relieved.
But suppressing the common mode signal also means that the pick-up loses its ability
to measure the beam current, which is needed to normalise the other signals. However,
dedicated beam current monitors are part of the standard diagnostic equipment of any
machine, so this it not a problem.
When the common-mode (intensity) signal is removed, the next strongest signal is
normally the dipole signal. But the dipole signal is proportional to beam position, and
vanishes when the beam is centred. In this case, the quadrupole signal is the dominating
signal on the output of the antenna loops.
3.3.2 Inductive Coupling to the Beam
The mutual inductance between the beam and an antenna loop is deﬁned as the magnetic
ﬂux through the loop per unit beam current. If the loop is oriented to measure the radial
ﬁeld component, the mutual inductance can be expanded
Mb = M
(x)x+M (y)y +M (κ)κ+M (κ
′)κ′ +M (ζ)ζ +M (ζ
′)ζ ′ + . . . (3.14)
where each coeﬃcient M (·) is given by the corresponding ﬁeld components in Eq. (3.12).
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If the pick-up loops are situated at a distance ρ from the centre, at 45◦ the horizontal
plane, and with an opening angle as seen from the centre of φ, the mutual inductances









































































































































































ρdθ = 0 (3.18)
per unit length and unit quadrupole antenna moment. Finally, for the sextupole modes,










































































































per unit length and unit sextupole antenna moment. It should be noted that for each ﬁeld
component the magnitude of the coupling is the same for all loops, but has diﬀerent signs.
Moreover, the sign functions sx, sy and sκ are orthogonal. This will be used to separate
the dipole and quadrupole signals by combining the output signals from the four antenna
loops. For the sextupole mode, however, s
(ζ)
n ∝ s(x)n and s(ζ′)n ∝ s(y)n (since n is an integer).
This means that the inﬂuence of the sextupole moment can not be separated from the
dipole signal. The sextupole mode coupling will therefore constitute a non-linear response
to beam position. The couplings to the beam are plotted in Fig. 3.2.
3.3.3 Inductive Coupling Between Loops
The current induced in the antenna loop also give rise to a magnetic ﬁeld. This ﬁeld act
back on the loop itself (self inductance) as well as on the other loops (mutual inductance).
The eﬀect can contribute signiﬁcantly to the total transfer impedance of the pick-up, and
has to be quantiﬁed.
By symmetry all loops have the same internal coupling parameters, so it is suﬃcient
to study one loop. Assuming again that the pick-up is inﬁnitely long, the ﬁeld induced by
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where, for convenience, the coordinate system has been aligned so that the x axis cuts
right through the loop (see Fig. 3.3). The ﬁrst term is the ﬁeld contribution of the current
in the two loop wires, and the second term is the contribution of their image currents on
the conducting chamber.
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Figure 3.2: Analytical results for the inductive coupling from the beam to the antenna loop for
dipole, quadrupole and sextupole moment (per unit pick-up length). The wire radius was 2 mm and
the antenna position 8.15 cm. Results for some diﬀerent positions d of the conducting boundary
are shown.






Figure 3.3: Geometry used to calculate the loop inductances. Since the total ﬂux is independent
of the integration path, the integration is performed along straight lines between loop wires (rather
than following the curve of constant ρ) to simplify the calculation.
The loop self-inductance per unit length is then given by
Mself =





























where it is assumed that the antenna wire is perfectly conducting (no inner inductance).
This allows to terminate the integration of the divergent source terms at the surface of
the wire. The ﬁrst term gives the self-inductance without conducting chamber, and the
second the eﬀect of the conducting chamber. The presence of the chamber reduces the
loop inductance.
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The mutual inductance between adjacent loops per unit length is given by
Madj =







) · yˆ dx =
=





























and the mutual inductance between opposite loops
Mopp =






























Here as well, the ﬁrst term gives the mutual inductance without chamber, and the second
the eﬀect of the conducting chamber. The presence of the chamber reduces the mutual loop
inductances as well. Note that, in the above calculation, the reference direction is chosen
inwards for the self inductance and outwards for the mutual inductances. This is done to
obtain positive quantities, and the sign will be written out explicitly in later calculations.
The various inductances are plotted in Fig. 3.4. The coupling factors kadj = Madj/Mself
and kopp = Mopp/Mself , plotted in Fig. 3.5, are a measure of how correlated the currents in
the two loops are. It can be seen that the coupling factor between adjacent loops become
large for φ close to 90◦.
It should be pointed out that it was assumed above that the current distribution on
the antenna wire is uniform. This is not true in general, but the eﬀect of a non-uniform
distribution is small for a wire that is thin compared to the dimensions of the pick-up.
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Figure 3.4: Analytic results for the mutual inductances (per unit pick-up length) between loops in
the pick-up as a function of the antenna loop opening angle φ, for some diﬀerent positions d of
the conducting boundary. The wire radius was 2 mm and the antenna position 8.15 cm.
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Figure 3.5: Coupling factors (ratio between mutual and self inductance) between loops in the
pick-up, for some diﬀerent positions d of the conducting boundary. The wire radius was 2 mm
and the antenna position 8.15 cm.












Figure 3.6: Simpliﬁed model of one loop in the pick-up, including the inductive coupling to the
beam and between loops. The output signal is the voltage u over the load resistor.
3.3.4 Antenna Loop Transfer Impedances
To evaluate the eﬀect of the inter-loop coupling on the transfer impedances, one can make
an equivalent circuit of the antenna loops as in Fig. 3.6. The current i1 in the circuit is
given by the equation.
jω lM11 i1 + i1R− jω lM12 i2 − jω lM13 i3 − jω lM14 i4 − jω lMb1 ib = 0 (3.25)
where the pick-up length l has been introduced. The negative sign of the mutual induc-
tances, due to the direction of the ﬂux, are here written out explicitly. Due to symmetry,
the circuit is the same for all loops, and the equations for the other loops can be obtained
by simply shifting indices.
−jω lM21 i1 + jωM22 i2 + i2R − jω lM23 i3 − jω lM24 i4 − jω lMb2 ib = 0 (3.26)
−jω lM31 i1 − jω lM32 i2 + jω lM33 i3 + i3R− jω lM34 i4 − jω lMb3 ib = 0 (3.27)
−jω lM41 i1 − jω lM42 i2 − jω lM43 i3 + jω lM44 i4 + i4R− jω lMb4 ib = 0 (3.28)
Using the calculated inductances, this can be written in matrix form as

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Mself + 2Madj −Mopp (3.30)












































































The transfer impedances are high pass ﬁlters, and the cut-oﬀ frequency for the quadrupole
transfer impedance is diﬀerent from that of the dipole and sextupole transfer impedances,
due to the eﬀect of the inter-loop coupling.
When written in the above form, the transfer impedance in the pass-band has no explicit
dependence on the pick-up length. The cut-oﬀ frequency, however, depends on this length.
But the low-frequency cut-oﬀ is usually a ﬁxed design parameter, so it is useful to re-write
the expressions for the transfer impedances on the form
Z(·)m = s
(·)




It then appears as if the transfer impedance in the pass-band is linear in the pick-up
length, and independent of the inter-loop couplings, if the cut-oﬀ frequency is required to
be constant.
However, often the small load R is obtained by impedance transformation of another
ﬁxed load Rout (typically 50Ω). Then, R = Rout/N
2, and the demand of a constant low
















40 CHAPTER 3. ANALYTICAL FIELD CALCULATIONS
where Meﬀ denotes the eﬀective self impedance, including loop coupling eﬀects. Taking
into account that the transformer also increases the measured voltage by a factor N , the










ω − jω0 (3.37)
It can be seen from the expressions of the transfer impedances, since Madj > Mopp, that
the dipole transfer impedance has the highest cut-oﬀ frequency, and is therefore the limit-
ing factor. The transfer impedances for constant dipole cut-oﬀ frequency ω
(x)
lf are plotted
in Fig. 3.7 as functions of the loop opening angle φ. As expected, a large angle φ gives
a stronger coupling to the beam. The dipole transfer impedance increases approximately
linearly, whereas the quadrupole transfer impedance levels oﬀ and eventually drops. This
behaviour of the quadrupole coupling is due to two things. The quadrupole inductance
to the beam saturate for large angles, because the ﬂux lines of the quadrupole ﬁeld mode
are concentrated in the centre of the antenna loops. Also, the mutual inductance between
adjacent loop, which reduces the quadrupole transfer impedance, becomes large for large
opening angles. Since strong inter-loop coupling also increases the sensitivity to misalign-
ments, the opening angle of the loop should not be unnecessarily large. As the peak in the
transfer impedance is rather broad, the angle can be chosen signiﬁcantly smaller than the
optimal value without much loss of sensitivity.
3.3.5 Pick-up Transfer Impedances
The transfer impedances for the full pick-up are obtained by summing the signals of the
four loops, using the sign function s
(·)











′ + Z(ζ)n ζ + Z
(ζ′)
n ζ
′ + . . . (3.38)




s(x)n Zn = 4 |Z(x)n | x¯+ 4 |Z(ζ)n | ζ + · · · = Z(x)∆H x¯+ Z
(ζ)
∆H




s(y)n Zn = 4 |Z(y)n | y¯ − 4 |Z(ζ
′)
n | ζ ′ + · · · = Z(y)∆V y¯ − Z
(ζ′)
∆V




s(κ)n Zn = 4|Z(κ)n | κ+ · · · = Z(κ)Ξ κ + . . . (3.41)
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3.3.6 Pick-up Nonlinearity
Since the signal from the sextupole moment can not be separated from the dipole signal,
it is interesting to understand what information this term contains. The deﬁnitions
ζ =
∫∫
(x3 − 3xy2) J(x, y) dx dy (3.42)
ζ ′ =
∫∫
(3x2y − y2) J(x, y) dx dy (3.43)
can be expanded as
ζ = x¯3 − 3 x¯ y¯2 + 3 x¯ (σ2x − σ2y)− 6 y¯
∫∫
(x− x¯)(y − y¯) J(x, y) dx dy
− 3
∫∫
(x− x¯)(y − y¯)2 J(x, y) dx dy +
∫∫
(x− x¯)3 J(x, y) dx dy (3.44)
ζ ′ = 3 y¯ x¯2 − y¯3 + 3 y¯ (σ2x − σ2y) + 6 y¯
∫∫
(x− x¯)(y − y¯) J(x, y) dx dy
+ 3
∫∫
(x− x¯)2(y − y¯) J(x, y) dx dy −
∫∫
(y − y¯)3 J(x, y) dx dy (3.45)
where the integrals represent higher order moments with respect to the beam centre, rather
then the pick-up centre. These higher-order moments vanish if the beam is uncoupled (no
x-y correlation) and symmetric around its centre. If these conditions are fulﬁlled, the
pick-up transfer impedances can be written as









x¯2 − 3 y¯2 + 3 (σ2x − σ2y)
)
+ . . .
)
(3.46)









y¯2 − 3 x¯2 − 3 (σ2x − σ2y)
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2 − y¯2 + σ2x − σ2y) + . . .
)
(3.48)
As mentioned before, the sextupolar transfer impedance deﬁnes the non-linearity in the
position response of ∆H and ∆V, and also their sensitivity to the beam sizes. It is interesting
to note that the system of equations can, at least in a region where the non-linear terms
are small, be solved numerically to obtain x¯, y¯ and σ2x − σ2y . Another important remark is
that, though some assumptions about the beam distribution was made to obtain the result
for the ∆H and ∆V, the result for Ξ is independent of the beam distribution (apart from
the neglected higher order terms).


































































Figure 3.7: Analytic results for the transfer impedances corresponding to the diﬀerent antenna
moments as a function of the loop opening angle φ, with a ﬁxed low frequency cut-oﬀ at 75 kHz
for the dipole transfer impedance. The antenna wire radius was 2 mm and the loop situated at
8.15 cm from the centre. The active length of the pick-up was 40 cm. Results for some diﬀerent
positions ρ of the conducting boundary are shown.
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3.3.7 The Eﬀect to Alignment Errors
The loop wires can not be positioned with inﬁnite precision. Alignment errors will reduce
the theoretically inﬁnite common mode rejection of the pick-up to a ﬁnite value. They
inﬂuence the transfer impedance both by changing the direct coupling to the beam, and by
changing the inter-loop couplings. If the loop coupling is relatively weak (small coupling
factor), the dominating eﬀect will come from the change in the direct beam coupling.
The change in the direct beam coupling due to a small displacement ∆4x of one of the
antenna rods is given by
|∆M | = |∆Φ|  | 4B ×∆4x| (3.49)
The largest parasitic eﬀect naturally comes from the monopole components in the ﬁeld
expansion, since it is the strongest ﬁeld component at the location of the loop. However,
since this component is independent of beam position and dimensions, its eﬀect is just to
shift the zero level in the output signals. This can be rather easily corrected for, if the
shifts are known from bench measurements. The parasitic eﬀect from the dipole moments
are worse in that respect, since they make the quadrupole signal dependent on position.
This is much more complicated to correct for in the measured data. This term should
therefore be kept very small.
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Chapter 4
Applications of Quadrupole Pick-ups
“It is not enough to succeed.
Others must fail.”
Gore Vidal
4.1 Understanding the Quadrupole Signal
4.1.1 Signal Components
The quadrupole moment κ of a beam measured by a quadrupole pick-up can be expanded
in terms of its optical parameters as




x − σ2pD2y︸ ︷︷ ︸
dispersion part
+ x2 − y2︸ ︷︷ ︸
position part
(4.1)
assuming linear optics with no coupling between planes (in the case of coupling, the beta
function is not well-deﬁned). In a ring, the quadrupole moment of a beam can be measured
over several consecutive turns. If the beam is initially misadapted in terms of Twiss
functions, dispersion, position or injection angle, the value of κ will be oscillating. Using
the known evolution of the diﬀerent parameters as a function of machine turn, on can
derive (see Appendix B)
κn = β¯x(εx +∆εx)− β¯y(εy +∆εy) + D¯2x σ2p + x¯2 − y¯2
+ β¯x
(














β¯y y¯ δy sin(νyn− φy) (4.2)
where n is the number of machine revolutions. The terms have been ordered so that each
line corresponds to one oscillation frequency. The ﬁrst line contain the constant terms,
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which corresponds to the steady state that will be reached once the oscillating part have
been damped away (decohered). It diﬀers from the steady state solution that would have
been reached if the beam was matched by the emittance blow-up terms ∆εx and ∆εx,
which are given by





























The second and third line in Eq. (4.2) are signal components oscillating at twice the hori-
zontal and vertical betatron frequencies, respectively. Such an oscillation can be caused by
all three kinds of mismatch: dispersion, betatron, and beam steering. The fourth and ﬁfth
lines are components at the betatron frequencies. They arise from dispersion mismatch or
mistering, but only if the lattice dispersion and/or closed orbit is non-zero at the location
of the pick-up. This is the reason for the absence of any vertical dispersion mismatch signal
at the betatron frequency.
It is interesting to note that if the quadrupole pick-up also measures the beam position,
its contribution to the quadrupole signal can be quantiﬁed and subtracted oﬀ on a turn-
by-turn basis. When the beam position terms are suppressed, the signal component at the
horizontal betatron frequency gives the horizontal dispersion mismatch. The dispersion
mismatch can also be measured separately, by changing the beam momentum and recording
the change in position. Once it is known, its contribution to the signal can be subtracted
as well, and hence the betatron mismatch can be extracted from the phase and amplitude
of the signals at twice the betatron frequencies.
4.1.2 Eﬀects of Space Charge
Space charge eﬀects modify the way the measured quadrupole moment behave as a function
of machine turn. Notably, the oscillation frequencies will change. A very important point
is that the beam width terms (betatron and dispersion) are sensitive to the direct space
charge, whereas the frequencies of terms relating to beam position are sensitive only to the
indirect space charge eﬀect.
This means that the oscillation frequencies of the beam width terms are not the same
as for the position terms. There is not even any a priori reason that the dispersion term
and the betatron term should be shifted in frequency by the same amount. Individual
particles contribute to the betatron signal as a function of their betatron amplitude, which
is approximately independent of the longitudinal position of the particle in the bunch. The
same particles contribute to the dispersion term as a function of its momentum oﬀset. But
particles with a high momentum oﬀset are likely to be longitudinally close to the bunch
centre and therefore see a higher space charge.
A practical consequence of this is that, in the presence of space charge, the dispersion
term in the quadrupole moment can not be measured separately by changing the energy of
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the beam and recording its displacement, since the propagation of oﬀ-momentum particles
inside the beam is not the same as for an oﬀ-momentum beam.
The extra tune spread due to the direct space charge also make the decoherence of
the beam width oscillations proceed much faster than the decoherence of a coherent beam
oscillation.
4.2 Review of Previous Results
4.2.1 Emittance Measurement in LINACs
The ﬁrst published experimental results using quadrupole pick-ups were produced at
SLAC[26]. R. Miller et al used the quadrupole signal from strip-line position pick-ups
spaced regularly in the lattice of the Linear Collider (SLC) to determine the emittance and
Twiss parameters of the electron beam.
In the absence of dispersion, the quadrupole moment κ measured by the pick-up is
given by
κ− x¯2 + y¯2 = σ2x − σ2y = βxεx − βyεy (4.5)
where the position terms have been moved to the left to indicate that it is assumed that
their contribution is subtracted. The Twiss beta function at the pick-up can be related to
the Twiss parameters at an arbitrary upstream point (denoted with subset zero) as
β = C2 β0 − 2S C α0 + S2 γ0 (4.6)
where S and C are components of the transfer matrix from the reference point to the
location of the pick-up. Hence,
κ = C2x βx0 εx − 2SxCx αx0 εx + S2x γx0 εx − C2y βy0 εy + 2 Sy Cy αy0 εy − S2y γy0 εy (4.7)
and with several pick-ups available, one can build a matrix equation of the form
4k = A · 4e (4.8)




κ1 − x¯21 + y¯21
κ2 − x¯22 + y¯22
...
κn − x¯2n + y¯2n

 (4.9)
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If six or more independent measurements are available, the matrix equation can be inverted






can be used to calculate the emittances, that are given by
εx =
√
e1e3 − e22, εy =
√
e4e6 − e25 (4.12)
















More recently, the SLAC experiment was repeated at Los Alamos, to measure the emit-
tance of electron beams from the Advanced Free Electron Laser[40] and the Sub-Picosecond
Accelerator[48, 49, 28, 50]. In both cases quadrupole pick-ups were used as measurement
tools since they measure the true second moment of the beam, without assumptions on
the beam distribution. This was important since the electron beams considered were non-
thermalised and highly non-Gaussian.
It was realised that in many cases, the matrix A obtained is numerically very ill-
conditioned[51]. This makes the measurement sensitive to both measurement errors and
errors in the matrix itself, which are unavoidable due to limited knowledge of the optics.
This problem could be reduced by optimising the pick-up locations and the intermedi-
ate optics. In practice, this was done using a single pick-up, by changing the optics of
the line between shots. This solution is, however, incompatible with parasitic emittance
measurement.
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4.2.2 Energy Spread Measurement in Rings
In the SLC damping rings, strip-line position pick-ups have been used to minimise the
energy spread of the injected LINAC beam[27]. In this case, the pick-ups were placed in
positions with large horizontal dispersion. As in the previous case, the quadrupole moment
was measured for a single bunch and the position contribution subtracted, yielding
κ− x¯2 + y¯2 = σ2x − σ2y = βxεx − βyεy +D2xσ2p (4.16)
Keeping the emittance constant, the RF phase was then varied to ﬁnd the minimum of
the signal, which corresponds to the smallest momentum spread. An absolute value of the
momentum spread was not extracted from the measurement.
4.2.3 Study of Beam Size Oscillations in Rings
Measurements of beam size oscillations in a circular machine using quadrupole pick-ups
were ﬁrst performed in the Anti-proton Accumulator (AA) at CERN. By observing certain
frequency components in the quadrupole signal, it was possible to diagnose transverse
quadrupole instabilities that were causing beam loss in the coasting, unbunched beam[29].
The pick-up used for this was an existing resonant vertical pick-up, where the two plates
had been coupled in common mode and made resonant at the quadrupole frequency (twice
the betatron frequency) and the signal from the pick-up was studied using a spectrum
analyser in ﬁxed frequency receiver mode. Since the beam was unbunched, the common-
mode signal ﬁltered out by the high-pass characteristic of the pick-up, and was therefore
not a problem.
The stability of the beam against quadrupole excitations was also studied by measur-
ing the quadrupole beam transfer function. This was done by exciting the beam with a
quadrupole kicker and measure the response as a function of frequency. The same type of
measurement were later made also in the Low Energy Anti-proton Ring (LEAR)[31].
The use of quadrupole pick-ups in the AA was further extended to determine and correct
injection mismatch by measuring the phase and amplitude of the beam width oscillations
it causes[30]. For this, a non-resonant electrostatic pick-up was used. Common-mode
rejection was a big issue, since the beam was bunched and therefore gave very strong
signal components at the revolution frequency harmonics. To overcome the problem, the
signal was again analysed in frequency domain using spectrum analysers in receiver mode,
making use of the frequency separation between quadrupole and common-mode signals to
suppress the common-mode.
The corrections of the measured mismatch were made empirically, by measuring the
response of deliberate quadrupole perturbations and use this information to calculate cor-
rections. The beam position contribution was not corrected for, so the beam had to be
carefully steered to keep this contribution smaller than the beam size oscillations that were
measured.
Similar measurement have since been performed in the Anti-proton Accumulator at
Fermilab[52].
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4.2.4 Discussion on Previous Results
A few general remarks can be made on the previously reported use of quadrupole pick-
ups. First, there is a quite clear separation in the signal analysis between LINACs and
rings. In LINACs, the data has been analysed in time domain (single bunch), which is
imperative since the beam passes only once, whereas in circular machines the data was
studied in frequency domain (with the exception of the SLC damping rings). Single-bunch
treatment makes it possible to subtract the contribution of the beam position to obtain
the quadrupole moment with respect to the beam centre, from which the emittance can
be calculated if enough data is available.
The reason why single bunch treatment was so far not attempted a ring was probably
that the ratio between aperture and beam-size generally is larger in rings than in LINACs.
Therefore, it is much harder to obtain a suﬃcient common-mode rejection in rings. Hence
the need for a frequency analysis to separate the oscillating quadrupole signal from the
common-mode.
Apart from this problem, the single bunch emittance measurement method developed
at SLAC is easily adaptable for circular machines.
4.3 Further Possible Applications in Rings
4.3.1 Measurement of Steady-State Emittance
Using two pick-ups
If two pick-ups are available in the machine, and the circulating beam is stable, the two
pick-up signals are constant and given by
κ1 − x¯21 + y¯21 = σ2x1 − σ2y1 = 
xβx1 − 
yβy1 (4.17)
κ2 − x¯22 + y¯22 = σ2x2 − σ2y2 = 
xβx2 − 
yβy2 (4.18)
assuming that there is no dispersion. The equations can be written in matrix form as(
κ1 − x¯21 + y¯21















In order for the matrix equation to be numerically stable, it should be as diagonal as









−βx2(κ1 − x¯21 + y¯21) + βx1(κ2 − x¯22 + y¯22)
βy1βx2 − βx1βy2
(4.21)
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Thus, measuring the emittance of a stable circulating beam with quadrupole pick-ups is
theoretically straightforward.
The statistical error due to statistical ﬂuctuations in the measurement of κ can be
reduced by averaging over many consecutive beam passages. The dominating errors will
therefore be systematic, coming from oﬀsets in the pick-ups and errors in the beta functions.
These can be reduced e.g. by measuring the ratios βx1/βx2 and βy1/βy2 by comparing the
amplitude of coherent oscillations measured by the two pick-ups. Also, if there is a non-
zero dispersion at the pick-up locations, its contribution has to be subtracted from the
measured quadrupole moments. If the correction is large, errors in the dispersion and
momentum spread can contribute signiﬁcantly to the systematic errors.
These error sources are the same as for any other measurement of stable-beam emit-
tance, and the accuracy can therefore be expected to be comparable to these methods.
Using three pick-ups
If three pick-ups are available in a circular machine
κ1 − x¯21 + y¯21 = 
xβx1 − 
yβy1 +D2x1σ2p (4.22)
κ2 − x¯22 + y¯22 = 
xβx2 − 
yβy2 +D2x2σ2p (4.23)
κ3 − x¯23 + y¯23 = 
xβx3 − 
yβy3 +D2x3σ2p (4.24)
where the dispersion also has been included. In matrix form, the equation is
κ1 − x¯21 + y¯21κ2 − x¯22 + y¯22















which can be solved for the emittances and the momentum spread if the matrix is non-
singular. Again, the matrix should be as orthogonal as possible for a numerically stable
implementation. Since the beta functions are always positive, the best solution is to have
βx1  βy1, βy2  βx2 Dx1 = Dx2 = 0, D2x3  βx3 and D2x3  βy3. This would make
the matrix near-diagonal, but these conditions might not be easy to satisfy in practice.
As in the previous case, random errors can be suppressed by averaging over many turns,
so systematic errors arising from erroneous input parameters are the main issue for the
accuracy of the measurement.
4.3.2 Measuring Emittance and Matching by Matrix Inversion
As already pointed out, the SLAC method can be directly applied in rings if the quadrupole
moment of the beam can be measured on a single-bunch basis. This measurement would
only be necessary at injection, since after ﬁlamentation the beam is stable and the pre-
viously discussed method can be used. An advantage in a ring is that since the beam is
circulating, each pick-up can be used several times on the same bunch, so six separate
pick-ups are not necessary. However, at least two pick-ups are needed to disentangle the
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horizontal and vertical contributions. In order to make the matrix A as well-conditioned
as possible, one pick-up should be be positioned at a location with a large horizontal and
small vertical beta function and the other at a location where the opposite applies, just as
for the emittance measurement on a stable beam discussed before.
Another important advantage with performing the measurement in a ring is that the
matrix A is a function of only a few parameters, namely the beta function at the pick-ups,
their separation in phase, and the machine tunes1. The tunes and the pick-up phase sepa-
rations can be determined experimentally by measuring phase diﬀerences and frequency of
coherent oscillations in the two planes. Similarly, in each plane, the ratio of beta functions
at the two pick-ups can be determined, as pointed out previously. There are therefore only
two parameters, namely the horizontal and vertical beta function at one of the pick-ups,
that needs to be taken from theory or a separate measurement The uncertainties in the
matrix A should therefore be less than in the LINAC case.
The optimum positioning of the two pick-ups needed would be the same as in the
previous case in terms of beta functions. Moreover, if the phase advance between pick-
ups is a multiple of 90◦, the phase term between the two pick-ups vanishes, leading to a
partial de-coupling of the matrix equation. The 90◦ phase separation is, however, not a
requirement.
4.3.3 Measuring Emittance and Matching using a Model Fit
Although the matrix inversion method is a good idea, it has some drawbacks. It is not
straightforward to include dispersion and momentum spread measurement in the method,
as the dispersion term transforms in a diﬀerent way than the betatron term, so the dis-
persion contribution to the beam width have to be measured separately. As discussed
previously, this is not straightforward in the presence of space charge. Another problem
linked to space charge is that the tune used in constructing the matrix should be the tune of
particles inside the bunch. But this tune is diﬀerent from the tune measured from coherent
beam oscillations.
The best way to determine this tune is from the oscillations themselves. This can be
done if the emittances and matching parameters are determined by ﬁtting the expected
beam signals to the data with variable tunes, rather than using the matrix method that
uses ﬁxed tunes. In such a ﬁt, it is also possible to include the horizontal dispersion in the
analysis. The sensitivity to noise is slightly increased with a ﬁt method, since there are
more degrees of freedom as compared to the matrix inversion method.
This method can be regarded as an extension to the previously discussed method for
stable beams, since the emittances, and if possible the momentum spread, are determined
from the constant part of the signals, while the various mismatches are given by the
oscillating part. If the lattice dispersion is non-zero, the horizontal dispersion can be
separated from the horizontal betatron mismatch using the signal at the betatron frequency.
It is, however, not possible to disentangle a vertical dispersion mismatch from a vertical
1The matrix also depend on the Twiss alpha, but this is zero in straight section of the CPS machine.
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betatron mismatch, due to the lack of non-zero vertical lattice dispersion in conventional
rings. Fortunately, unless the injection line has large vertical bending magnets, one does
not expect a signiﬁcant vertical dispersion mismatch.
If two pick-ups are available, where at least one is at a location of non-zero lattice
dispersion, the emittances, betatron mismatches and the horizontal dispersion mismatch
can be determined with this method, if the momentum spread is known. With three pick-
ups, properly located, also the momentum spread can be determined. The requirements
on pick-up locations are in principle the same as in the previous sections.
4.3.4 Measurement of Coupling
In an uncoupled machine the transverse beam characteristics are given by the second order
























If there is coupling between the planes, the motion in the two planes can not be separated,

















are required to characterise the beam. One of these coupled moments can be measured






This moment is gives the tilt angle of the beam ellipse in real space, which can be used to
quantify the coupling.
In a coupled machine, injection matching becomes more complicated, since it is not
suﬃcient to match the beam in each plane separately. In particular, if an uncoupled
beam is injected into a coupled machine, it is always mismatched. A signature of coupling
mismatch is coherent beam width oscillations occurring at the beating frequency between
the two normal modes of oscillation. This can be observed with a normal quadrupole
pick-up.
4.4 Implementation in the PS machine
4.4.1 Pick-up Locations
The lattice of the CPS is a FOFDOD2 lattice with 10 super-periods of 10 FD magnets
each. The beta function, plotted in Fig. 4.1, is almost constant in the drift spaces between
2FOFDOD deﬁnes the magnet sequence, where F stands for focusing quadrupole, D for defocusing
quadrupole and O for straight section
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Betatron amplitude functions [m] versus distance [m]
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Figure 4.1: Lattice Twiss and dispersion functions for one super-period of the PS machine. The
blocks show the position of the combined function magnets.
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magnets, with alternating large and small values in consecutive sections. When the hori-
zontal beta is large, the vertical is small and vice versa. Since there are only two groups of
locations, odd and even straight sections, with signiﬁcantly diﬀerent optical parameters, it
does not make sense to install more that two pick-ups in the machine. However, these two
locations comply with the requirements for diﬀerent beta functions. Moreover, the nearly
ﬂat beta function in the straight section means that the beam cross section is constant in
the pick-ups. It was found best to install the two pick-ups in consecutive straight sections,
since by minimising the distance and the number of magnets between the pick-ups, their
separation in betatron phase becomes almost insensitive to the variations in the machine
tune due, e.g. to space charge.
4.4.2 Error sensitivity
A comparative study of the ﬁt and matrix method for measuring emittance and matching
was performed for the setup in the PS. Reconstructing the emittances and Twiss parameters
from simulated data with random errors show that both methods perform quite well.
There is not a clear cut winner between the two. When Qx = Qy = 6.25, both methods
fail. This is because the quadrupole moment has a periodicity of 2 turns, yielding only
four independent measurements, which is not enough to determine all the free parameters.
When the tunes in the two planes are exactly equal, the ﬁt method sometimes fail to
converge to the right tune in one of the planes. The result is a systematic error in the
matching only. For most combinations of tunes the methods perform approximately equally
well (see Fig. 4.2). However, if the space charge detuning is large, or the tunes in the matrix
is wrong for another reason, the matrix method give large systematic errors. This is seen
in both the emittance and Twiss parameters In this case, the ﬁt method is superior.
An analytical study of the error sensitivity of the matrix method based on singular
value decomposition is given in Appendix C. It yields a statistical r.m.s. error in the
measured emittance of σε = 0.015µm for the PS setup, if the noise level in the measured
quadrupole moment is 0.5mm2 and data from six machine turns are used in the analysis.
This ﬁts well with the simulations. The small value again indicates that systematic errors,
due e.g. to pick-up oﬀsets and input parameters, will dominate the ﬁnal error.






































































Vertical Matching - Fit
Figure 4.2: Analysis of simulated data with matrix and ﬁt method. Data from six machine
turns were used. Tunes: Qx = 0.200, Qy = 0.190. Noise level in quadrupole moment (r.m.s.):
σκ=0.5 mm2. No space charge detuning. The emittance should be in the centre of the graphs,
and the mismatch at the end of the indicated line. Both methods perform about equally well.






































































Vertical Matching - Fit
Figure 4.3: Analysis of simulated data with matrix and ﬁt method. Data from six machine
turns were used. Tunes: Qx = 0.240, Qy = 0.240. Noise level in quadrupole moment (r.m.s.):
σκ=0.5 mm2. No space charge detuning. Sometimes the ﬁt method fails to ﬁnd the right tunes,
and therefore give the wrong mismatch. The emittance results are comparable for the two methods.






































































Vertical Matching - Fit
Figure 4.4: Analysis of simulated data with matrix and ﬁt method. Data from six machine
turns were used. Tunes: Qx = 0.210, Qy = 0.230. Noise level in quadrupole moment (r.m.s.):
σκ=0.5 mm2. Space charge detuning: ∆Qx = −0.060, ∆Qy = −0.100. The matrix method give
large systematic errors, since it is using the wrong tune.






































































Vertical Matching - Fit
Figure 4.5: Analysis of simulated data with matrix and ﬁt method. Data from six machine
turns were used. Tunes: Qx = 0.240, Qy = 0.240. Noise level in quadrupole moment (r.m.s.):
σκ=0.5 mm2. Space charge detuning: ∆Qx = −0.060, ∆Qy = −0.100. Since the tunes is close to
a quarter, the matrix is ill-conditioned. The emittance and horizontal matching calculated with
the matrix method matching are oﬀ the scale (the emittance was in some cases even imaginary).
60 CHAPTER 4. APPLICATIONS OF QUADRUPOLE PICK-UPS
Chapter 5
Design of a Magnetic Quadrupole
Pick-up
“To invent, you need a good imagination
and a pile of junk.”
Thomas Alva Edison
5.1 The First Pick-up Prototype
The very ﬁrst prototypes, built to prove the principle of common-mode suppression by
coupling to the radial ﬁeld component, were made from tin-cans and metal wire. It was,
however, realised that the precision obtained in this way was not suﬃcient, and it was there-
fore decided to directly build a full-scale prototype which could eventually be installed in
the machine for tests with beam. To ﬁt the PS, this pick-up had to have an aperture of
145 mm, which eﬀectively sets the smallest possible inscribed radius of the antenna loops.
The antenna loops were moved a little further from the centre to make place for a ceramic
vacuum chamber between the loops and the beam. This gives the advantage that the
antenna loops and its readout transformers are outside of the vacuum, and there is no
need for signal feed-throughs. This is important since a magnetic pick-up requires a small
load impedance, and the small parasitic series resistance introduced by feed-throughs can
signiﬁcantly aﬀect the low frequency response. On the other hand, the distance between
the loops and the beam increases with the addition a ceramic layer, which means some-
what lower signal levels. An existing ceramic tube of suitable dimensions (inner diameter
140 mm, length 508 mm) was re-used for the purpose. It had been part of a position mon-
itor in the PS Booster, and had a thick copper layer with electrodes cut out on the inside
and embedded signal feed-throughs from each electrode to the outside. The copper layer
was chemically removed, and replaced by a thin layer of titanium to avoid static charges
building up on the ceramic. The signal feed-throughs had to be retained since they formed
part of the vacuum seal. This was not an ideal situation, but was judged acceptable since
they were made of non-magnetic material, and the use of an existing ceramic signiﬁcantly
cut the cost and production time for the prototype.
Four antenna loops were placed at 45◦ angle to the horizontal plane, held tightly in
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Figure 5.1: CAD drawing of the ﬁrst prototype pick-up, based on an existing ceramic tube.




Figure 5.2: Schematic layout of the antenna loop of the ﬁrst machine prototype. The same design
was also tested on the lab prototype.
place by a plastic collar. Although the theoretical prediction showed a maximum of the
coupling to the quadrupole mode for a loop opening angle φ of about 60−70◦ (depending on
the antenna wire thickness a), 45◦ was chosen to avoid any problems caused by inter-loop
coupling.
To ensure continuity for the wall currents and shield against outside noise, a cylindrical
copper casing was built around the ceramic and the loops. The radius of the conducting
cylinder was set to 150 mm, a bit less than twice the distance from the antenna loops to the
centre of the pick-up. This corresponds roughly to the theoretical threshold value where no
more sensitivity to the quadrupole moment is gained by increasing the radius. The casing
was made in two halves, so that it could (in principle) be dismantled without breaking the
vacuum once the pick-up was installed. To ensure good electrical contact between parts,
spring contacts were used in all contact surfaces and joints.
The antenna loops of the ﬁrst prototype pick-up were made from a bent copper rod
and had a fairly simple design. One of the short ends of the loop was connected to ground
(i.e. to the beam pipe), and in the other end the loop current was measured using a simple
current transformer (see Fig. 5.2). This layout is the simplest possible that produces a
symmetric loop. An asymmetric loop would give problems at high frequencies due to path
length diﬀerences for the induced signals. The transformer was a high-mu core with a 15
turn winding, threaded onto the the copper rod of the antenna loop. Its secondary side was
connected directly to a 50Ω cable, giving a total down-transformed load to the antenna
loop of about 200 mΩ. For an estimated loop inductance of about 500 nH, this would give
a low frequency cut-oﬀ at 75 kHz.
After some bench tests in the laboratory, that gave encouraging (although not perfect)
results, the prototype was installed in the PS machine to be tested with beam.
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5.2 The Lab Prototype
To study the impact of diﬀerent design details, and to perfect the ﬁnal design, a second
prototype was built for lab measurements. This lab prototype inherited many of the design
parameters from the ﬁrst prototype (notably its dimensions), but with the important
simpliﬁcation that it did not include any ceramic, since it was not built to be installed
in the machine.
The main diﬀerence from the ﬁrst prototype was the inclusion of four thin metal vanes,
placed in the electric symmetry planes of the quadrupole ﬁeld mode (i.e. at 45◦ to the
horizontal plane) in order to shorten the path for the wall current and thereby reduce the
eﬀect of the abrupt step in the conducting boundary.
The lab prototype was used to understand and optimise the electrical properties of
the pick-up, in order to arrive at the best design of the antenna loops and their read-out
transformers. The ﬁrst design to be tested was the one used in the machine prototype (see
Fig. 5.2). Since this version was found to have a relatively poor common-mode rejection,
the ground point was moved to the transformer end of the loop. To keep the symmetry,








Figure 5.3: Schematic layout of the improved version of the antenna loop design. To move the
ground connection to the transformer end of the loop, three separate transformers were needed to
make the current read-out symmetric.
The attention was then turned to the inﬂuence of the pick-up on the beam. It was
found that by connecting the far end of the loop to ground via a suitably chosen resistor
(see Fig. 5.4), high frequency strip-line resonances in the loop could be damped.
Once the basic design was ﬁxed, the optimum winding ratios on the three transformers
were studied. It was found best to have the ﬁrst two transformers perform the impedance
transformation with a winding ratio of 1:21, while letting the last transformer take the
diﬀerence between the two signals on a constant impedance level (the winding ratios were
10+10:14 turns).









Figure 5.4: Schematic layout of the ﬁnal antenna loop design. The termination resistor was
chosen to 200Ω, and the transformer windings n = 21, m = 10 and k = 14.
5.3 The Final Optimised Pick-up
With the experience gained from the studies on the prototype, a ﬁnal design was developed.
It was built on the lab prototype design, which was modiﬁed to accommodate a ceramic
vacuum chamber. The four antenna loops were made of two parallel, interconnected rods
made of copper-beryllium alloy for its good conductivity and mechanical rigidity. They
were held in position with a good precision by ceramic insulators in each end of the pick-
up. In the far end of each loop, the inter-connection between rods was made with a bar of
copper, the centre of which was connected to ground via the termination resistor. In the
transformer end, the copper-beryllium bars were fed through to the outside of the cavity,
where the transformer arrangement for the read-out was housed inside a brass block. As
in the case of the ﬁrst prototype, the inside of the ceramic was coated with a thin resistive
layer to remove any static charges deposited by the passing beam. In the ﬁnal version,
however, this layer was also optimised to also act as a screen to reduce the longitudinal
impedance of the pick-up (see Chapter 7.1). The ﬁrst pick-up built on the ﬁnal design
had a low resistivity coating of about 3.5Ω optimised to yield the best possible screening
eﬀect compatible with the required bandwidth of the pick-up. Since this version was not
performing well in terms of common-mode rejection, a high resistivity coating of about
80Ω was ﬁnally chosen. A drawing of the ﬁnal design pick-up is shown in Fig. 5.5.
5.4 Auxiliary Electronics
5.4.1 Hybrid
The signals from the four pick-up loops were connected to a hybrid circuit that produces
the composite signals corresponding to beam position and quadrupole moment. Due to the
special pick-up geometry, the signal combination is diﬀerent from the case of an electrostatic
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Figure 5.5: CAD drawing of the ﬁnal pick-up design.





where TR is the top right loop, BL the bottom left etc. The Σ signal is zero by design, and
was not used. Note especially the conﬁguration for the ∆ signals where ∆V, for example,
is not the diﬀerence between the top two loops and the bottom two loops, as might be


























Figure 5.6: Schematic layout of the hybrid circuit. For the machine prototype, the circuit could
be bypassed to enable the study of individual antenna loop signals.
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The hybrid circuit design is shown in Fig. 5.6. Since the magnetic pick-up has a low
impedance, no active elements were needed in the hybrid. It is therefore not sensitive to
radiation, which means it can be placed very close to the pick-up. This is favourable for
the common-mode rejection.
However, since the pick-up is already suppressing the common-mode signal, the require-
ments on the hybrid are not very strict. One could in principle suppress the hybrid and
measure the signal from each antenna loop individually. To enable this possibility, the hy-
brid of the machine prototype could be bypassed by remote-controlled switches. However,
the use of a hybrid is more practical, and these switches were therefore suppressed in the
ﬁnal version to simplify the circuit.
5.4.2 Ampliﬁers
Due to the small transfer impedances of the pick-up, the signals must be ampliﬁed before
they can be sent through the rather long cables (100 m) to the data acquisition equipment.
The ampliﬁers for this purpose were located under the machine, protected from radiation.
For the prototype pick-up, 40dB ampliﬁers with a bandwidth of 30 MHz and a noise level of
2.3 nV/Hz1/2 were used. For the ﬁnal pick-up installation, these were changed to specially
developed low-noise ampliﬁers with a switchable gain, where one gain setting was optimised
for the LHC beam intensity, and the other was a high gain channel built to enable future
attempts to measure the matching also of stacked LHC lead ions, that will be injected into
the PS from the LEAR machine.
Chapter 6
Bench Measurement and Simulation
Methods
“Computers are useless. They can only
give you answers.”
Pablo Picasso
6.1 The Wire Method of Simulating a Beam
A relativistic particle beam moving at nearly the speed of light induce purely transverse
transverse ﬁelds inside a smooth conducting beam pipe. The eﬀect of the beam on its
surroundings can therefore be simulated using a wire through the vacuum chamber to
produce a TEM waveguide[38]. This is a standard method which was utilised in both
bench measurements and simulations.
6.1.1 Transfer Impedance Measurement
The transfer impedances parametrises the sensitivity of the pick-up to beam position, size
etc. They can be measured by recording the ratio of pick-up output voltage and wire
current as a function of wire position. The general expression for the transfer impedance
is, as discussed previously
U
I
= Ztot = Z
(0) + Z(x) x+ Z(y) y + Z(κ) κ+ Z(κ
′) κ′ + Z(ζ) ζ + Z(ζ
′) ζ ′ + . . . (6.1)
which, for a thin wire (line current) at transverse position (r, θ) in polar coordinates, yields
U
I
= Ztot = Z
(0) + Z(x) r cos θ + Z(y) r sin θ + Z(κ) r2 cos 2θ + Z(κ
′) r2 sin 2θ +
+ Z(ζ) r3 cos 3θ + Z(ζ
′) r3 sin 3θ + . . . (6.2)
One can of course measure the response of the pick-up for a large number of points dis-
tributed over the entire interesting region of (r, θ) space, and then ﬁt the expression to the
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data to obtain the impedances. However, there are some simpliﬁed ways to determine the
transfer impedances, making use of the particular form of Eq. (6.2).
If the wire position is rotated around the pick-up centre with a ﬁxed oﬀset r, the
diﬀerent transfer impedances can be identiﬁed from the Fourier transform of the response
as a function of azimuth θ. This method was used to study the ﬁrst prototype.
Alternatively, one can keep the azimuthal angle ﬁxed, and measure the response along
a straight line. If the angle is well chosen, the individual transfer impedances can then be
found as the coeﬃcients in a polynomial in the variable r, ﬁtted to the data. This was the
way the lab prototype and the ﬁnal version pick-up were studied.
6.1.2 Longitudinal Impedance
The longitudinal impedance of an object can be determined using a centred (coaxial)
wire, by measuring the signal transmission (scattering parameter) through the structure,
and compare with a smooth vacuum chamber of the same length. The conversion from
scattering parameter to impedance is necessarily model-dependent, since the measured
quantity is not directly the induced longitudinal voltage, but the attenuation and phase
shift of the transmitted TEM-wave. There are several diﬀerent formulae for the conversion,







can be used. Here, s21,OBJ is the forward scattering parameter of the object under test,
s21,REF is the same parameter for a smooth pipe of equal length, and Zc is the charac-
teristic impedance of the coaxial transmission line formed by the pipe and the wire. For
homogeneously distributed impedances that are long compared to the wavelength, a better
approximation is given by
Z = −2Zc ln s21,OBJ
s21,REF
, (6.4)
and if the electrical length l of the distributed impedance is known, an even better estimate
can be obtained with[54]
Z = −2Zc ln s21,OBJ
s21,REF





All the above formulae are approximations valid only for impedances that are small com-
pared to the characteristic impedance Zc of the transmission line. The fact that there is
not a unique formula illustrates a fundamental limitation with the coaxial wire method:
it is not possible to determine the longitudinal impedance if the structure under test is
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considered as a ’black box’. For simple structures like the above cases of localised or homo-
geneously distributed impedances, this is not a problem. For more complicated structures,
like the quadrupole pick-up considered here, it can however be hard to interpret the s-
parameter result, and one usually resorts to using one of the above formulae based on
simple cases as an approximation. It should, however, be noted that the Taylor expansions
of the above formulae are all identical to ﬁrst order in ∆s21 = s21,OBJ − s21,REF. This
condition coincides with the basic assumption in the derivation of these formulae: that the
impedance should be small. Therefore, for small impedances (Z  Zc) all three formulae
give the same result. Likewise, for very large impedances (Z  Zc) all three formulae fail,
and hence the choice of formula is only important for intermediate impedances. Since the
aim of the bench measurements and simulations of the pick-up was rather to minimise than
to accurately determined the value of the impedance, this limitation of the coaxial wire
method was not really a problem. The impedance of the ﬁnal pick-up was so small that
all formulas gave approximately the same result. To be consistent, all impedance values
presented in this report were interpreted using the log-formula in (6.4).
Another problem with the wire method is that the presence of the conducting wire
changes the electro-magnetic properties of the object being studied. The waves of the
TEM mode created by the wire can be reﬂected when it sees a local impedance, whereas
the real beam only excite non-propagating ﬁeld modes at frequencies below the cut-oﬀ
frequency of the beam pipe. Therefore, if several localised impedances are present, multiple
reﬂections of the TEM-wave can occur, which show up as ”false” impedance peaks in the
measurement. Again, since the reﬂections are related to the magnitude of the longitudinal
impedance, this problem is not so severe if one is mainly interested in minimising the
impedance, rather than determining its exact value.
6.2 Bench Measurement Setup
The devices for holding the wire in place at each end of the pick-up were made in such a way
that the wire could easily be moved to any position in the transverse (r, θ) plane. At ﬁrst,
a pulse generator and an oscilloscope was used to simulate a beam bunch and record the
response. This time-domain measurement setup was later changed to a frequency-domain
setup using a network analyser as combined current source and measurement instrument.
Using two diﬀerent analyser models, frequencies ranging from 10 kHz to 3 GHz could be
studied. The network analyser was controlled and read out over its GPIB interface using
a LabView program specially developed for the purpose.
To obtain as good matching as possible between the 50 Ω source and the coaxial line
formed by the pick-up and the wire, matching resistors were added in series with the wire
at the entry and exit of the pick-up (see Fig. 6.1).
Good matching is of prime importance especially to extract an absolute value of the
longitudinal impedance from the s-parameter measurements. Any mismatch give rise to
reﬂections which result in apparent impedance peaks at wavelengths where destructive
interference occurs. In practice, however, good matching is not so easy to obtain over a




Figure 6.1: Setup for the lab measurements. The wire transverse position of the wire could be
moved to measure the transfer impedances. At the input and output, the TEM waveguide formed
by the beam-pipe and the wire was matched to the 50 Ω cable using the resistors R.
large frequency band.
6.3 The HFSS Simulation Program
6.3.1 Program Description and Functionality
Since prototypes are expensive to build, most studies of the pick-up properties were done
by simulations. The High Frequency Structure Simulator[55] (HFSS) program, used for
this purpose, simulates the electro-magnetic properties of structures by the Finite Element
Method (FEM). It has a graphical user interface very similar to a CAD program, where a
model of the structure can be drawn and a number of ports speciﬁed. The program then
calculates the scattering parameters for the N -port in a chosen frequency range.
The simulation process has two main stages. First, the ﬁnite element mesh is created
and optimised, and then a frequency sweep can be performed to study the frequency
dependence of the s-parameters. The initial tetrahedra mesh is created using the available
vertices in the model. It is very coarse and has to be reﬁned in order to achieve an accurate
result. A so-called adaptive mesh reﬁnement is therefore performed. The mesh is reﬁned
by iteratively solving the problem and splitting the tetrahedra containing the highest ﬁeld
energy into smaller ones. This procedure makes sure that the mesh is only reﬁned in areas
where it is needed. In order for the adaptive reﬁnement to work, the initial mesh has to be
reasonable, so that the power distribution is approximately correct. That means, generally,
that the initial tetrahedra should not have too large aspect ratios (ratio between longest
and shortest side), since the basic FEM approximation of interpolating the ﬁelds inside
the tetrahedra from its values at the vertices then becomes invalid. The initial mesh can
be improved, if needed, by adding extra vertices to the original model (seeding the mesh).
The adaptive reﬁnement is terminated when the changes in the simulated s-parameters
between two iterations are below a pre-deﬁned threshold.
The frequency sweep which follows can be performed in two ways. Either the problem
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is solved exactly for each discrete point in the desired frequency range, or an approximate
frequency dependence can be calculated from the solution at one given frequency. If the
mesh is properly optimised and the frequency range reasonably narrow, the two methods
give the same result. The approximate solution is however faster if many points within the






Figure 6.2: HFSS model of the pick-up. Only one quarter of the pick-up was modelled, and
symmetry boundaries were used to reduce the computing time.
6.3.2 Modelling the Pick-up Structure
To obtain a stable mesh with a reasonable number of mesh points, in order to achieve an
accurate result without requiring too much CPU time, the pick-up model was simpliﬁed as
much as possible. All unnecessary details very suppressed, and thin objects were modelled
as 2D sheets to avoid a too detailed mesh. Also, all metallic surfaces were assumed to be
perfectly conducting, except in cases where this could falsify the result (i.e. for longitudinal
impedance determination). The transformer arrangement for the read-out of the loops was
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replaced by two ports with a characteristic impedance set to one half of the total antenna
load. Also, a port in each end of the vacuum chamber was provided to feed in the beam





Pure monopole Dipole, sextupole, ... Monopole, quadrupole, ...
Figure 6.3: Transverse wire locations used to produce diﬀerent ﬁeld modes in the pick-up. The
circles denote the antenna wires (cross indicates that the current is going into the page), and
the dashed lines show the symmetry planes. Using the symmetry, only the quarter of the pick-up
needed to be modelled in the simulation program. The ﬁrst setup produces only the monopole ﬁelds
mode. The second produces dipole, sextupole etc, and the third produces monopole, quadrupole
etc.
Since HFSS cannot simulate particle beams, the beam was substituted by a thin wire,
just as in the lab measurements. The four-fold symmetry of the structure was also used
in order to reduce the problem size and save computing time. Thus, only one quadrant of
the pick-up was simulated, and appropriate boundary conditions imposed at the cuts (see
Fig. 6.3). For the simulations of longitudinal impedance with the coaxial wire method, two
H-boundaries and an centred wire was used. In order to determine the transfer impedances,
an oﬀset wire was needed. Two diﬀerent boundary settings were required to determine all
the interesting transfer impedances. With one H-type and one E-type boundary, non-
zero dipole and sextupole moments are produced. Similarly, an oﬀset beam with two H-
type boundaries produce non-zero monopole and quadrupole moments. The corresponding
transfer impedances were determined by simulating several wire positions and ﬁtting a
polynomial to the result to separate the diﬀerent couplings.
6.3.3 Eliminating Systematic Mesh Eﬀects
The HFSS program allows for the addition or subtraction of a length l of matched trans-
mission line to any port in the model, with subsequent re-calculation of the scattering
parameters using the analytical formula
s˜21 = e
γl · s21 (6.6)
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where γ = α+ jβ is the propagation constant. This constant is calculated by the program
from a 2D model of the port. Since the subtraction of a matched transmission line of the
same length as the pick-up is equivalent to the division by the reference s-parameter in
(6.4), this was initially used to obtain the quantity s21,OBJ/s21,REF.
It was found, however, that in the HFSS simulation result there was systematically a
residual delay left after this correction, which turns into a non-physical reactive impedance.
The delay is always positive (under-estimates the phase) and increases linearly with fre-
quency. The reason seems to be that the propagation constant calculated from the 2D
model of the ports does not correspond to the simulated propagation of the wave through
the 3D model. The eﬀect decrease with increasing mesh size, as can be expected if the
problem is related to the discretisation.
Since the mesh size is eﬀectively limited by the computing resources, the problem was
circumvented by simulating the reference s21-parameter of the pipe only, using the same
mesh but changing the material properties in the model to produce a smooth pipe without
discontinuities (as seen from the inside).
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Chapter 7
Bench Measurement and Simulation
Results




7.1.1 Veriﬁcations of Analytic Formulae
In the derivation of the analytic expressions for the transfer impedances, certain simplifying
assumptions were made. Notably, the ﬁelds were calculated in two dimensions, assuming
that the pick-up was inﬁnitely long. The eﬀect of the pick-up length was introduced
only later, in the calculations of the transfer impedances. In reality, the ﬁnite length of
the pick-up make the transverse ﬁelds a function of the longitudinal position in the pick-
up. Therefore, in order to verify the validity of the analytical expressions, a series of
simulations was performed to determine the dependence of the transfer impedances on the
basic parameters of the pick-up. The simplest possible pick-up model, consisting of a round
beam pipe with a cylindrical cavity housing the antenna loops, was used for this purpose.
Simulated results for the dependence of the transfer impedances on the loop opening angle
φ are shown in Fig. 7.1, for some diﬀerent values of the cavity radius d. There is a good
agreement between simulated and theoretical values. Likewise, the simulated dependence
on the depth of the shielding cavity, shown in Fig. 7.2, follow the theoretical expectations.
By varying the pick-up length in the simulation, it could also be concluded that the analytic
results are valid also for pick-ups that are short with respect to the cavity radius.
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Figure 7.1: Simulated dipole and quadrupole transfer impedance in the pass-band for the ’concep-
tual’ pick-up, as a function of the loop opening angle. The antenna position was 8.15 cm, the
antenna rod radius 2.5 mm, and the load 200 mΩ. Data for some values of the cavity radius d
are shown. The lines are the analytical predictions.






































Figure 7.2: Simulated dipole and quadrupole transfer impedance in the pass-band for the ’con-
ceptual’ pick-up, as a function of the cavity radius d. The antenna position was 8.15 cm, the
antenna rod radius 2.5 mm, and the load 200 mΩ.
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7.1.2 Prototype Measurements and Simulations
First Machine Prototype
The transfer impedances of the ﬁrst machine prototype were measured in the laboratory
before the pick-up was installed in the machine. This was done by introducing an oﬀ-centre
wire antenna and recording the response of the pick-up to the wire current as a function of
its azimuthal position. A pulse generator was used to simulate the current pulse of a passing
bunch, and the corresponding pulse height on the diﬀerent pick-up outputs were measured.
The results of these measurements are shown in Fig. 7.3. The transfer impedances for ﬁeld
modes up to sextupole were extracted from the data using Fourier transform, and the
result is summarised in Tab. 7.1. The measured values were compared to simulated ones
with good agreement.
∆H ∆V Ξ
Z(0) 0 0 -0.0007 ± 0.005 Ω
Z(x) 2.38 0.20 0.08 ± 0.17 mΩ/mm
Z(y) 0.14 2.23 -0.10 ± 0.17 mΩ/mm
Z(κ) 1.54 1.54 -47.07 ± 5.6 µΩ/mm2
Z(κ
′) -1.54 1.54 1.54 ± 5.6 µΩ/mm2
Z(ζ) 240.0 81.6 15.1 ± 186 nΩ/mm3
Z(ζ
′) 57.7 297.7 40.8 ± 186 nΩ/mm3
Table 7.1: Transfer impedances for the ﬁrst prototype, extracted from the data plotted in Fig. 7.3.
The Lab Prototype
In the lab prototype, thin metal vanes were inserted in the electric symmetry planes of
the quadrupole mode. By their placement, they are invisible to the quadrupole ﬁeld, but
suppresses ﬁeld components with diﬀerent symmetries. The transfer impedances of the lab
prototype were determined from the response to displacements of the antenna wire along
the horizontal and vertical axes. Using a network analyser, the frequency characteristics
could also be determined. Simulations of the transfer impedances, shown in Fig. 7.4, agree
well with the measurements, and demonstrate that the dipole transfer impedance is reduced
by about 20% by the presence of the vanes.
Further simulations showed that the addition of symmetrically placed termination re-
sistors in the far end of the loops gave no signiﬁcant eﬀect on the transfer impedances.
This was also observed by measurements.








































































Figure 7.3: Coupling from wire antenna to the output of the hybrid, as a function of the azimuthal
position of the antenna wire in the ﬁrst prototype pick-up. For the dipole outputs, the dashed line
is a ﬁt assuming a pure dipole mode, and dotted line is a ﬁt taking into account also the eﬀect of
the sextupole mode.
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The Final Pick-up
The metal coating on the inside of the ceramic was initially added only to remove static
charge from the insulating tube. However, it was realised that such a layer also reduces the
longitudinal impedance by screening the electromagnetic ﬁelds induced by the beam[56].
The layer acts as a shunt, since if the impedance of the structure behind it is larger than
the end-to-end resistance of the coating, the major part of the wall current pass through
the coating.
This eﬀect is particularly useful to exploit for a pick-ups structure, since the longitudinal
impedance of the cavity is small at low frequencies, and therefore there is no screening
eﬀect. Simulations were performed to ﬁnd the optimum value of the resistivity of the
layer[57]. In general, it was found that for a ﬁxed coating resistance, the high frequency
cut-oﬀ is higher for the higher order ﬁeld components. Since the monopole ﬁeld component
is not measured, the dipole signal cut-oﬀ is therefore the limiting factor. A scan of coating
resistivities showed that a surface resistance of about 3.5 Ω would give a cut-oﬀ around
25 MHz for the dipole signal and 30 MHz for the quadrupole signal. Measurements of the
coupling impedance performed on a prototype pick-up with approximately this coating
resistivity agreed well with the simulations (see Fig. 7.5).
However, with such a low resistivity, the common-mode rejection of the pick-up was
poor (see next section) and the resistivity was therefore increased to 80Ω. In this case,
no screening eﬀect was observed for the measured signals in the pass-band of the pick-up.
The transfer impedances for the ﬁnal pick-up were therefore the same as for the pick-up
without ceramic (Fig. 7.4).
7.2 Undesired Couplings
Ideally, when combining the four antenna loop signals in the way outlined in the previous
chapter, the signal components proportional to the diﬀerent beam moments should be
separated, so that the ∆ signals are only dependent on the beam position and the beam
sextupole moment, and the Ξ signal is only dependent on the quadrupole moment κ.
In reality, there are always parasitic couplings. As long as these couplings have the
same frequency characteristics as the desired signals, their eﬀect can relatively easily be
corrected for after signal acquisition. Such couplings are caused e.g. by misalignments
in the antenna loops. Couplings with a diﬀerent frequency characteristics are, however,
much worse since they distort the measured bunch shape. Correcting the measured signal
for this kind of parasitic couplings is, although theoretically possible, not practical. These
coupling must therefore be suppressed.
The strongest parasitic coupling is naturally due to the strongest ﬁeld component (i.e.
the monopole ﬁeld), which is just proportional to the beam current. The couplings from a
centred wire to the four antenna loops were therefore measured using a network analyser,
and the results combined numerically using Eq. (5.1) to form the composite signals ∆H,
∆V and Ξ. No hybrid was used.
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Figure 7.4: Simulated and measured single loop transfer impedances for the lab prototype with thin
metal vanes. The simulated values without vanes are shown for comparison. For the quadrupole
mode, there is no diﬀerence.









































Figure 7.5: Simulated and measured single loop transfer impedances for the pick-up with a coating
resistivity of 3.5 Ω.
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7.2.1 Antenna Loop Improvements
The common-mode rejection of the initial version of the lab prototype, which had the
same antenna loop design as the machine prototype, was rather poor in relative terms
(see Fig. 7.6). The largest eﬀect was seen in the Σ signal combination, which is not
used. However, also the Ξ and ∆ combinations had signiﬁcant common-mode components.
Moreover, the frequency characteristics of these couplings were diﬀerent from the transfer
impedances.
The reason for the common-mode couplings was found to be the placement of the
ground point. At high frequencies, the antenna loop must be regarded as a distributed
object. The passing beam induces an image current in the two rods parallel to the beam.
These currents can be decomposed in parallel and an anti-parallel components. The anti-
parallel component is the magnetic induction current, which one wants to measure. The
parallel component cancels for low frequencies, because the wavelength is much longer than
the length of the loop. At higher frequencies, however, the ﬁnite propagation velocity of
the induced signals create a phase diﬀerence between the signals when they arrive in the
transformer, unless it is placed symmetrically. This is why the transformer was placed in
a symmetry point. The parallel components then cancel in the transformer, and only the
anti-parallel is measured.
However, even if the parallel component does not give a contribution to the current in
the primary winding of the transformer, it does contribute to the total charge. It therefore
produces a time-varying potential diﬀerence between the primary and secondary winding of
the read-out transformer. Since there is inevitably some stray capacitive coupling between
the two windings, this will induce a signal on the secondary side at high frequencies, and
spoil the common mode rejection.
This was solved by moving the ground point to the transformer end of the loop. To do
this in a symmetric fashion required an arrangement of three read-out transformers instead
of a single one. This new readout design improved the common mode rejection signiﬁcantly
(see Fig. 7.7). The remaining parasitic coupling, mainly due to loop alignment, had a ﬂat
frequency response.
7.2.2 Eﬀects of the Coating on the Ceramic
Adding the ceramic with the low-resistance coating, the parasitic couplings were increased
strongly (see Fig. 7.8). The source of this was an error in the roundness of the ceramic
chamber. This asymmetry couples the ﬁeld modes, and notably converts part of the
monopole ﬁeld created by the beam to higher order ﬁeld components. The eﬀect is propor-
tional to the current ﬂowing through the ceramic, which gives the frequency characteristic
with a low frequency cut-oﬀ at 10 MHz, given by the ratio between the inductance of the
cavity and the end-to-end resistance on the ceramic.





















































Sensitivity to wire current
Ξ
Figure 7.6: Parasitic coupling from a centred wire to the diﬀerent outputs of the lab prototype
with the initial loop design. Note that the frequency characteristics are not ﬂat. (The kink in the
upper graph, and the ﬂuctuations in the lower graphs are due to the measurement instrument.)





















































Sensitivity to wire current
Ξ
Figure 7.7: Parasitic coupling from a centred wire to the diﬀerent outputs of the lab prototype
with the improved antenna loop design with three transformers. The frequency characteristics is
ﬂat, indicating that the coupling is due to antenna oﬀsets. (The kink in the upper graph, and the
ﬂuctuations in the lower graphs are due to the measurement instrument.)





















































Sensitivity to wire current
Ξ
Figure 7.8: Parasitic coupling from a centred wire to the diﬀerent outputs of the pick-up with
a low resistivity coating. The parasitic signals in the ∆ and Ξ signals are proportional to the
current in the resistive layer, which explains the frequency characteristics.


































































Sensitivity to sextupole moment
Figure 7.9: Measured couplings from the diﬀerent antenna moments to the outputs of the ﬁnal
pick-up (with a high resistivity coating). The frequency response is ﬂat, and the parasitic couplings
are small. The rise of the common-mode signal in the Σ combination (Z(0)Σ ) at low frequencies is
an instrument eﬀect.
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From the magnitude of the measured parasitic couplings, it was estimated that an
increase in resistivity by about a factor 100 (about 300 Ω) should reduce the parasitic signals
suﬃciently. In practice, it was not possible to make a good quality titanium deposition
with such a high resistivity, and the design value was therefore reduced to about 80 Ω.
With this coating value, the measured transfer impedances (see Fig. 7.9) show a very nice
ﬂat frequency response and a good suppression of unwanted couplings.
7.3 Longitudinal Impedance
7.3.1 Simulations
The longitudinal impedance of the “conceptual” pick-up, consisting of only the cavity and
antenna loops was simulated as a reference case, and the result is shown in Fig. 7.10.
Several sharp peaks are present in the spectrum. These can be divided in two groups,
depending on their origin. Antenna loop resonances show up at regular intervals start-
ing at about 150 MHz, with a spacing of approximately 300 MHz, and the cavity-related
resonances are grouped together in the high frequency part of the spectrum.
The inclusion of the metal vanes reduced the longitudinal impedance. The low-frequency
inductance of the pick-up is reduced by about a factor two, since the path for the wall cur-
rents is shortened, and the peak value of the ﬁrst resonance is reduced by almost the same
amount (see Fig. 7.10).
The antenna loop resonances are due to standing waves in the loop. These occur when
the length of the loop is a multiple of half a wavelength. The ground point forces a node
in one end of the loop. If the loop is a multiple of a whole wavelength, the standing wave
has a node also in the other end of the loop, and no eﬀect is seen on the beam. If not, a
longitudinal voltage is produced. Since this is a resonant eﬀect, it produces a sharp peak in
the longitudinal impedance spectrum. The resonance can be damped by adding a resistor
between the end of the loop and ground (the beam pipe). The value of this termination
resistor should be small enough to damp the resonance eﬀectively, but large enough not to
aﬀect the transfer impedances of the pick-up. Termination resistors of 200 Ω were therefore
added and their beneﬁcial eﬀect for the longitudinal impedance can be seen in Fig. 7.10,
where all the loop-related resonances are strongly damped.
With a resistive coating, the longitudinal impedance is further reduced. Impedance
simulations for the two tested coating resistivities (3.5Ω and 80Ω) are showed in Fig. 7.11,
and show that also the high-frequency cavity resonances are gone. For the low resistiv-
ity case, the impedance is essentially zero, apart from at very low frequencies. For the
higher resistivities, the peak at low frequencies is still dominating. The diﬀerence between
the impedance of the “conceptual” pick-up and the ﬁnal version with metal vanes, loop
terminations and a resistive coating of 80Ω are several orders of magnitude.


























































Pick-up with vanes and terminations
Resistive
Reactive
Figure 7.10: Simulated longitudinal impedances. The top graph is for a pick-up without vanes,
the middle with vanes, and the bottom graph with vanes and resistive loop terminations.



















Pick-up with vanes, terminations





















Pick-up with vanes, terminations
 and 80 Ω coating
Resistive
Reactive
Figure 7.11: Simulated longitudinal impedance for a pick-up with metallic vanes, loop termina-
tions and a resistive coating. The top graph corresponds to a coating of 3.5Ω, and the bottom
graph 80Ω.


















Transmission with coaxial wire
termination + 80 Ω coating
Figure 7.12: Measured transmission through the pick-up measured with a centred wire. The top
graph shows the situation without the loop terminations and coating, and the bottom graph the
result of their inclusion. The wavy shape of the line is mainly due to mismatch at entry and exit.
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7.3.2 Measurements
To measure the longitudinal impedance using the wire method, one needs a reference vac-
uum chamber of the same length as the object being measured. Also a very good matching
between instrument and the object under test is required, in order to avoid a false result.
Given the diﬃculties of the longitudinal impedance measurement, and the good agreement
between simulations and measurements in all other cases, it was decided to rely on simu-
lations for the absolute value of the impedance. However, transmission measurement were
performed on the diﬀerent pick-up versions, although without attempting to extract a nu-
merical value of the impedance. The impedance peaks predicted by the simulations could,




“Errors using inadequate data are much less
than those using no data at all”
Charles Babbage
8.1 Analysis of the Measured Data
Beam measurements were performed using the ﬁrst pick-up prototype. The signal from the
four antenna loops of the pick-up were combined in a hybrid circuit and ampliﬁed. After
being cabled to an adjacent building, the signals from the prototype pick-up was sampled
at 500 Ms/s using an eight-bit digital sampling oscilloscope. This oscilloscope was triggered
at injection by a timing signal from the PS control system, and could sample up to 250
consecutive turns at maximum sampling rate. The number of turns could be increased by
reducing the sampling rate. Since the pick-up design does not allow the beam current to
be measured, the signal from a wall current monitor was used as current reference. This
monitor was physically situated several magnets downstream of the quadrupole pick-up
itself, which is acceptable since the longitudinal bunch shape does not changes signiﬁcantly
in a fraction of a machine turn.
The data from the oscilloscope was read out over the GPIB bus to a LabView program
that calculated the beam position and quadrupole moment for a single bunch over a given
number of turns. First, a Gaussian curve was ﬁtted to the bunch proﬁle, as measured
by the wall current monitor. Then, Gaussian ﬁts were performed on the signals from the
pick-up, with position and width ﬁxed by the ﬁrst ﬁt. This method was found to give less
ﬂuctuations than for example integrating the pulse induced by the bunch.
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8.2 Beam-based Calibration
8.2.1 Signal Correlations
The quadrupole signal can be calibrated against the dipole signal using the beam. Since
the quadrupole moment
κ = σ2x − σ2y + x¯2 − y¯2 (8.1)
is dependent on beam position, one can check that the measured position and quadrupole
moments are coherent by plotting the measured values of x2−y2 versus κ. Since the beam
size oscillations and position oscillations have diﬀerent decay times, measured data can be
selected such that only beam position oscillations are present. Data from measurements
taken between 40 and 160 turns after injection is plotted in Fig. 8.1. The slope of the ﬁtted


















Figure 8.1: Measured quadrupole moment κ versus x2 − y2, calculated from the measured beam
position. Data from two diﬀerent beam shots are shown. The slope of the lines are 0.983, close
to the ideal value of 1.










































With correction for beam position
Figure 8.2: Plots of the quadrupole moment κ and the quadrupole antenna moment corrected for
the measured beam position.
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Once this calibration is veriﬁed, the measured quadrupole moment can be corrected for
the position term using the measured beam position, resulting in
κ− x¯2 + y¯2 = σ2x − σ2y (8.2)
which is only dependent on beam dimensions. Without the beam position dependence, the
signal is much more useful, as illustrated in Fig. 8.2.1 where the same measurement data
is plotted with and without correction for the beam position term.
8.2.2 Comparison with Turn-by-Turn SEM-grid
The correlation measurements make sure that the length unit is coherent in the beam
position and quadrupole moment measured by the quadrupole pick up, but do not ﬁx this
unit. This calibration can be done by comparison with another instrument. One can either
compare the amplitude of beam position oscillations measured by a position pick-up with
the same amplitude measured by the quadrupole pick-up, or compare the amplitude of
beam size oscillation is the same way.
The beam size oscillations measured with the prototype pick-up were compared to
the beam size oscillations measured with a turn-by-turn SEM grid. The measurement
was made in the horizontal plane, where the beam was oscillating due to a rather large
dispersion mismatch between the Booster and the PS. The vertical plane was well matched,
which was veriﬁed by the absence of any frequency component at the vertical quadrupole
frequency in the quadrupole signal. The beam size measured with the SEM grid was then
squared and translated in phase to account for the diﬀerent locations of the instruments
(see Fig. 8.3). Due to the dependence of the quadrupole moment on the vertical beam
size, The two signals also had to be aligned vertically. The agreement between oscillation
amplitudes measured by the two instruments is quite good.
8.3 Sensitivity and Accuracy Estimation
The statistical ﬂuctuations in the quadrupole moment measured by the prototype pick-up
were estimated from the noise ﬂoor in the Fourier transform of a measurement on a stable,
circulating beam. An r.m.s. value of about 0.5 mm2 was obtained. This is much higher
than what would be expected from the measured ampliﬁer noise. It is therefore expected
that the noise performance can be signiﬁcantly improved with the new pick-up design and
an optimised acquisition system. However, this noise level is already suﬃcient to make an
emittance measurement as outlined in Chapter 4.
For such an emittance measurement, systematic eﬀects are important. For the pro-
totype, the oﬀset in the measured quadrupole moment was estimated to about 10 mm2,
by comparing with the beam dimensions as measured with SEM-grids. Due to tighter
tolerances and improved common mode rejection, this value should also drop signiﬁcantly
for the ﬁnal version pick-up. Using the bench measurement data, it should be possible to
control this oﬀset to better than 1 mm2.




















Figure 8.3: Comparative measurement of beam width oscillations after injection in the PS, using
the prototype quadrupole pick-up and a turn-by-turn SEM grid. The quadrupole pick-up measure-
ment have been translated vertically. The dashed curve is a sine ﬁt to the ﬁrst few turns.
8.4 Beam Observations
Since the aim of the prototype pick-up was to demonstrate the new pick-up design idea, no
dedicated beam physics studies have been undertaken. However, a number of interesting
phenomena have been observed while testing the pick-up on diﬀerent beams. These are
presented here to give an idea of the usefulness of the pick-up.
8.4.1 Coupling
When measuring beam size oscillations at injection of an elliptic beam (horizontal emit-
tance larger the vertical) into a strongly coupled PS machine, a rather large oscillation of
the beam size was observed at a frequency given by the tune separation.
Changing the beam ellipticity by varying the number of turns injected in the Booster
resulted in a change in amplitude of the signal (see Fig. 8.4). It was therefore interpreted
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as a sign of coupling mismatch. Because the normal modes are tilted, an elliptical beam
injected in a strongly coupled machine rotates in real space in much the same way as a
mismatched phase space ellipse rotates in phase space. An important point is that coupling
mismatch creates emittance blow-up, just as any other mismatch. Since linear coupling
will be used in a scheme to stabilise the LHC beam in the PS[58], the eﬀect of coupling
mismatch at injection should be further studied.
8.4.2 Space Charge Damping and Detuning
The beam size measured by the pick-up is sensitive to the direct space charge, which
creates a tune spread within the beam. This tune spread makes the beam size oscillations
decohere much faster than position oscillations, that are not sensitive to this eﬀect. Also,
the frequency of the beam size oscillation is detuned.
By changing the intensity of the injected beam using a movable sieve, keeping all other
beam parameters constant, the change in damping time and frequency could be observed
using the prototype pick-up (see Fig. 8.5).
With the very fast damping times that were observed, separation of horizontal and
vertical beam size oscillations in frequency domain was not possible, since the damping
blurred the peaks and made them overlap. This is a good argument for a SLAC-type
measurement setup using two pick-ups, since it needs data from only a few machine turns.
Some attempts were made to evaluate the beam size oscillation frequency as a function
of position within the bunch, to see the variation of the space charge forces, but no con-
clusive results were obtained. This kind of measurement could, however, be possible with
the considerably improved ﬁnal version of the pick-up.







































Figure 8.4: Quadrupole moment measured for an elliptic beam at injection into a strongly-coupled
PS machine. The horizontal emittance of the injected beam depends on the number of turns used
for multi-turn injection in the Booster, whereas the vertical emittance is approximately constant.
The top and bottom graphs correspond to 6 and 9 injected turns, respectively. It can be seen that
the oscillation amplitude increases with the ellipticity of the beam.







































Figure 8.5: Quadrupole moment over the ﬁrst 100 turns for a deliberately mismatched beam.
The diﬀerence between the top and bottom graphs is a factor ﬁve in intensity. All other beam








For the LHC to reach its design luminosity, the beam brightness is a crucial parameter. To
produce a bright beam for the collider, the emittance must be preserved along the injector
chain. At each step in the chain, the emittance is allowed to grow by only about 10%.
Veriﬁcation of compliance with this demand poses a problem, since the systematic errors
of the standard measurement techniques are of the same order of magnitude.
A large possible contribution to the emittance blow-up is due to optical mismatch at
transfer of the beam between two machines in the chain. Apart from emittance blow-up,
such mismatch also give rise to an oscillation of the beam size, which could be detected
with an appropriate instrument. In order to be useful for continuously monitoring the LHC
beam, the instrument has to be non-invasive. Such devices are not commonly available.
A quadrupole pick up is a non-invasive instrument sensitive to beam size, and therefore
a candidate for mismatch monitoring. It measures the quadrupole moment
κ = σ2x − σ2y + x¯2 − y¯2 (9.1)
of the beam. Although quadrupole pick-ups have been used before, their success have been
hampered by some diﬃculties. The most important problem is that the very small signal
containing the beam size information is embedded in a strong common-mode background.
The extraction of the signal is therefore not trivial, and require sophisticated electron-
ics. The problem scale quadratically in the ratio between the beam size and the pick-up
aperture, and would be a severe limitation for measuring the small LHC beam in the PS
machine, that has a rather large aperture.
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9.2 The New Pick-up Design
A new type of quadrupole pick-up, that does not have the above mentioned problem,
has been proposed and designed for the PS. The concept is based on measuring the beam-
induced magnetic ﬁeld in the radial direction, which is zero for a centred, symmetric beam.
Therefore, there is ideally no common-mode signal. In practice, a common-mode rejection
of more than 60 dB was obtained, with respect to a “conventional” quadrupole pick-up
with the same aperture. The small remaining common-mode signal can be calibrated away
using reference measurements.
Analytic expressions for the dependence of the pick-up transfer impedances on the basic
design parameters have been derived. A good agreement between analytic, simulated,
and measured results have been observed, suggesting that the basic properties are well
understood.
Early on in the development process, a non-optimised proof-of-principle pick-up was
built and installed in the PS machine, and has produced encouraging results with beam.
Studies on a prototype in the laboratory resulted in a signiﬁcant reduction in unwanted
parasitic couplings, e.g. by improving the readout of the current induced in the antenna
loops. With the help of numerical simulations, the longitudinal impedance of the pick-up
could be reduced by several orders of magnitude, as compared to the initial “conceptual”
design.
The ﬁnal pick-up, designed with the experience from lab tests and simulations, has
a single loop transfer impedance to the quadrupole moment of 30µΩ/mm2, a transfer
impedance to the dipole moment of 1.35mΩ/mm, and a longitudinal impedance Z/n that
is less than 80mΩ in the entire spectrum up to 1.6 GHz. The bandwidth of the pick-up
ranges from 70KHz to more than 25MHz, which corresponds to the bunch spectrum at
PS injection.
9.3 Emittance and Matching Measurement
Measurement of emittance and optical parameters using quadrupole pick-ups have already
been demonstrated in electron LINACs. Given the performance of the new pick-up design,
these measurement methods can be adapted to the PS. For this, two pick-ups are needed.
Since the beam is circulating, the statistical measurement error can be reduced by using
data from several consecutive machine turns. The periodicity of a circular machine also
reduces the number of input parameters that are needed for the measurement, and the
systematic errors should therefore be reduced with respect to the LINAC case. Moreover,
many of these parameters are properties of the ring that can relatively easily be measured.
Error analysis of these methods show that already the performance of the proof-of-
principle prototype tested in the PS was suﬃcient to measure the emittance of a single
bunch in a circulating beam with an accuracy comparable to conventional methods, pro-
vided any pick-up oﬀsets can be corrected for.
Two pick-ups of the ﬁnal design have just been installed in the PS machine, and will
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be commissioned when the machine starts up (spring 2001). Apart from the possibility
of non-invasive emittance and matching measurements, these pick-ups will also provide an
interesting tool for other beam studies, since they allow for the non-invasive measurement
of transverse beam size also later in the acceleration cycle.
9.4 Further Possibilities
The basic pick-up design idea described in this report is applicable to any machine, and
could be useful e.g. in the other machines in the LHC injector chain. However, the pick-up
design has been optimised for injection studies in the PS machine, and would have to be
modiﬁed for use in a diﬀerent machine.
There are mainly two properties that are machine speciﬁc: the pick-up aperture and
its required bandwidth. The aperture can be modiﬁed relatively easily, but to signiﬁcantly
increase the bandwidth might be more complicated. Still, the pick-up design was not
yet optimised for a high bandwidth. The low-frequency response of the pick-up may be
improved either by increasing the inductance of the antenna loop (i.e. making the pick-up
longer) or reducing its load by increasing the turns ratio on the current transformers. In
the high-frequency end, the limitation of the PS pick-up is the strong common-mode signal
at the loop resonance. Pushing this resonance towards higher frequencies by shortening the
loop would probably improve the situation. However, this would aﬀect the low frequency
response by reducing the inductance. In practice, increasing the bandwidth therefore means
reduced transfer impedances. To test the limits, further studies are needed.
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Appendix A
Symbols and Acronyms
“We are getting into semantics again. If we




The following table gives a listing of the symbols used in this report.
Symbol Description
x, y Position with respect to the reference trajectory
x′, y′ Angle with respect to the reference trajectory
σ Beam size
α Twiss alpha parameter
β Twiss beta parameter
γ Twiss gamma parameter
ε Statistical (r.m.s.) emittance
εN Normalised r.m.s. emittance
D Dispersion function
D′ Derivative of dispersion function
Q Machine tune
Q′ Chromaticity
ν Machine tune measured in radians
µ Betatron phase advance
s Longitudinal position along beam trajectory
S Element 11 of the transfer matrix
C Element 12 of the transfer matrix
c Speed of light
βL Lorenz beta factor
γL Lorenz gamma factor
κ Quadrupole moment of the beam
κ′ Skew quadrupole moment of the beam
ζ Sextupole moment of the beam
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Symbol Description
ζ ′ Skew Sextupole moment of the beam
Z Impedance
M Inductance
A.2 Acronyms used in the text
Acronym Meaning
CCD Charge-Coupled Device
CERN European Organization for Nuclear Research
LINAC Linear Accelerator
PSB Proton Synchrotron Booster
PS CERN 26 GeV Proton Synchrotron
SPS CERN Super Proton Synchrotron
LHC Large Hadron Collider
SLAC Stanford Linear Accelerator Centre
SLC SLAC Linear Collider
SM Standard Model
r.m.s. Root-mean-square (Standard deviation)
TRIUMF Tri-University Meson Facility
TNT Tri-Nitro-Toluene
MCP Micro-channel Plate
GPIB General Purpose Interface Bus
FEM Finite Element Method
OTR Optical Transition Radiation
Appendix B
Quadrupole signal components
The quadrupole moment κ measured by a quadrupole pick-up can be expanded in terms
of the optical parameters as




x − σ2pD2y︸ ︷︷ ︸
dispersion part
+ x2 − y2︸ ︷︷ ︸
position part
(B.1)
If the beam injected in a machine is not matched to the receiving machine in terms of
Twiss values, dispersion and trajectory, its quadrupole moment will oscillate as a function
of machine turn. The behaviour of the diﬀerent terms can be calculated from the one-turn
transfer matrix in Eq. (2.11).
The contribution of the horizontal beam position to the quadrupole moment is








x¯+∆x cos νxn + (β¯x∆x
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x cos(2νx − 2φx) (B.2)



















calculated at the ﬁrst beam passage (n = 0). Barred parameters refer to the machine
properties (lattice beta, closed orbit etc). The ﬁrst term in Eq. (B.2) is just the closed
orbit contribution. The second term is also a constant and has the form of an emittance
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Two oscillating terms are present if the missteering is non-zero. The amplitude of the
signal component at the betatron frequency is proportional to the closed orbit position
in the pick-up and therefore vanishes when the two are well aligned. The result for the
vertical position is obtained just by changing the appropriate indexes.
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Dx cos(2νx − 2φDx) (B.5)




















also calculated at the ﬁrst beam passage (n = 0). Analogous to the case of beam posi-
tion, the ﬁrst term in Eq. (B.2) is the lattice dispersion contribution and the second term







As in the previous case, two oscillating terms are present if the dispersion is not matched.
The amplitude of the signal component at the betatron frequency vanishes when the lattice
dispersion at the position of the pick-up is zero. The result for the vertical dispersion is
obtained just by changing the appropriate indexes. In this case, however, the lattice
dispersion is zero in conventional rings, so the signal component at the betatron frequency
is absent.
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xβ˜x − 2CxSxα˜x + S2xγ˜x)
= ε˜xβ˜x(cos νxn+ α¯x sin νxn)





















where the tilde above a symbol refers to a parameter of the injected beam. The constant










(β¯xγ˜x + γ¯xβ˜x − 2α¯xα˜x) (B.9)
in the case of betatron mismatch. There is only one oscillating term at twice the betatron




















































where the last approximation is valid for small mismatch (small emittance blow-up). Under





















Again, the corresponding equations for the vertical plane are obtained by changing indices.
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Putting all the partial results together yields for the quadrupole moment as a function of
turn
κn = β¯x(εx +∆εx)− β¯y(εy +∆εy) + D¯2x σ2p + x¯2 − y¯2
+ β¯x
(














β¯y y¯ δy sin(νyn− φy) (B.12)






















Error analysis of Matrix Method
The matrix equation can be expanded using singular value decomposition as
4k = RT · Λ · L · 4e (C.1)
where R and T are row orthogonal matrices, and Λ is a diagonal matrix containing the
singular values λi. The solution can be written
4e = LT · Λ−1 · R · 4k (C.2)
where singular values equal to zero, and their corresponding solution space, have been
removed. In order to properly solve the system, one needs to have as many non-zero
singular values as there are components in the vector e (six in this case). Since the matrix
R is row-orthogonal, it will distribute any uncorrelated noise power in the vector evenly,
such that the average noise power in a component of 4k equals the average noise power in a
component of R · 4k. This noise is then ampliﬁed by a factor λ−1 and distributed over the
result 4e by the matrix L. The main noise contribution comes from the smallest singular
value λ6 (if by convention the singular values are ordered in decreasing order)
∆4e ∝ 4l6λ−16 |∆k| (C.3)



































(γx∆e1 − 2αx∆e2 + βx∆e3) (C.5)
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(γxl61 − 2αH l62 + βH l63)λ−16 |∆k| (C.6)
To get a more accurate estimations, the square sum of the (uncorrelated) contributions







(γxli1 − 2αxli2 + βxli3)2λ−2i
)1/2
|∆k| (C.7)
The above formula holds for uncorrelated noise in the input vector 4k, coming from noise
in the pick-up.
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